
Solutions FHLF01 FHL064 2012-05-31Task 1The temperature T is dis
retized asT(x,y,t) = N(x, y)a(t) = 9∑

α=1

Nα(x, y)aα(t)Along boundary 1− 4− 8

x = 0 ⇒

N2 = N3 = N5 = N6 = N7 = N9 = 0 ⇒T(0,0.25,t) = N1(0, 0.25)a1(t) +N8(0, 0.25)a8(t) +N4(0, 0.25)a4(t)

a8 = 0
a1 = 0.3
a4 = 0.72

N1(0, 0.25) = 1

0.5
(0.25− 0.5)(0.25− 1) = 3

8

N4(0, 0.25) = 1

0.5
0.25(0.25− 0.5) = − 1

8







⇒ T (0, 0.25) = 0.3 ·
3

8
− 0.72 ·

1

8
= 0.0225Task 2Gauss integration is 
al
ulated on (±1,±1,±1) whi
h means that we must makea 
hange of variables, i.e.

x = 2ξ
y = 2η

z = 1

2
+ 3

2
ψ






⇒J =






∂x
∂ξ

∂x
∂η

∂x
∂ψ

∂y
∂ξ

∂y
∂η

∂y
∂ψ

∂z
∂ξ

∂z
∂η

∂z
∂ψ




 =





2 0 0
0 2 0
0 0 3

2



 ⇒det(J) = 6I = ∫

V

f(x, y, z)dV =

∫

V ∗

f(ξ, η, ψ) · det(J)dV ∗ =

∫

V ∗

6f(ξ, η, ψ)dV ∗Gauss integration, one integration point (ξ = 0, η = 0, ψ = 0) , weights: Hξ =
Hη = Hψ = 2I = 6f(ξ = 0, η = 0, ψ = 0) ·Hξ ·Hη ·Hψ = 6 · (0 + 0 +

1

2
) · 8 = 24Task 3 FHL064See page 326 in (Finite Element Method. Niels Ottosen, Hans Petersson)



Task 3 FHLF01
Π =W − FTaStrain energy W is de�ned as energy stored in an elasti
 body under loading,whi
h in this 
ase is de�ned by

W (δ) =
∑

i

ki(ui)
2 =

1

2
aTKa (1)

∂Π

∂a = Ka− FK =







k1 + k2 −k1 −k2 0
−k1 k1 + k3 + k4 −k4 −k3
−k2 −k4 k2 + k4 + k5 −k5
0 −k3 −k5 k3 + k5





K is positive semide�nite if aTKa ≥ 0 ∀a 6= 0 and there exist at least onea 6= 0 su
h that aTKa = 0. Now looking at (1) we see that aTKa ≥ 0 mustbe ful�lled ∀a and if we set all the elements in a equal to the same value (rigidbody movement) we �nd that aTKa = 0, i.e we have shown that K is positivesemide�nite.Ka = F⇔







k1 + k2 −k1 −k2 0
−k1 k1 + k3 + k4 −k4 −k3
−k2 −k4 k2 + k4 + k5 −k5
0 −k3 −k5 k3 + k5













u1
u2
u3
u4







=







F1

F2

F3

F4





Inserting the known data

20







2 −1 −1 0
−1 3 −1 −1
−1 −1 3 −1
0 −1 −1 2













0
u2
u3
0







=







F1

0
10
F4






⇒

{
3u2 − u3 = 0
−u2 + 3u3 = 1

2

}

⇒

u2 = 1

16

u3 = 3

16

2



Task 4








































x x x x
x x x x x x

x x x x x x
x x x x

x x x x x
x x x x x x x x

x x x x x x x x
x x x x x

x x x x
x x x x x

x x x x





















︸ ︷︷ ︸

+





















x x

x x
x x x

x x x
x x

x x









































︸ ︷︷ ︸





















?
?
?
?
?
?
?
?
x
x
x





















︸ ︷︷ ︸

=





















x
x
x

x




















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
















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?
?
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




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







︸ ︷︷ ︸

+





















x

x
x

x
x

x





















︸ ︷︷ ︸

K K̃ a f l f b fcTask 5The di�erential equation:
∂

∂x

(

(1 + x2)
∂ϕ

∂x

)

+
∂

∂y

(

(1 + y2)
∂ϕ

∂y

)

+ ξ = ϕ̇
an be written as:div([ 1 + x2 0
0 1 + y2

] [
∂ϕ
∂x
∂ϕ
∂x

])

+ ξ = ϕ̇.Let D =

[
1 + x2 0

0 1 + y2

] and q = D∇ϕ then we get:a)
∫

A

vdivqdA+

∫

A

vξdA+

∫

A

vϕ̇dAUsing Green-Gauss theorem:
∮

L

qTndL−

∫

A

(∇v)T qdA+

∫

A

vξdA =

∫

A

vϕ̇dAb)Using: v = Nc, ϕ = Na, ϕ̇ = Nȧ, ∇v = Bc and ∇ϕ = Ba, where c isarbitrary, we get:
∮

L

NT qndL

︸ ︷︷ ︸

f
b

−

∫

A

BTDBdA

︸ ︷︷ ︸

K

a+

∫

A

NT ξdA

︸ ︷︷ ︸

f
l

=

∫

A

NTNdA

︸ ︷︷ ︸

M

ȧ
) T = α1 + α2x+ α3y + α4xyd) Yese) Yes, the xy−term. 3



Task 6For the triangular element use the approximation:
T = α1 + α2x+ α3y =

[
1 x y

]
αThe C-matrix method gives a = Cα whi
h then gives: T =

[
1 x y

]
C−1a,where

a =





T7
T8
T11



, C =





1 7 1
1 9 1
1 8 2



 and α =





α1

α2

α3



The shape fun
tions N =
[
1 x y

]
C−1 Then we get:

B =

[
∂/∂x
∂/∂y

]

N =

[
0 1 0
0 0 1

]

C−1The sti�ness matrix:
K =

∫

A

BTkIBdA = kAeC
−T





0 0
1 0
0 1





[
0 1 0
0 0 1

]

C−1

= kAeC
−T





0 0 0
0 1 0
0 0 1



C−1 =
k

4





2 0 −2
0 2 −2
−2 −2 4



The load ve
tor:
f l =

∫

A

NTQdA = N(8, 1.75)Q0 =
[
1 8 1.75

]
C−1Q0 =





1
1
6




Q0

8

4


