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E1 = E2 = 11.5 GPaiO/��J%J0T�C*89	7 � ���"6 : 0!�-%J0!*89�Z *8%J�:0T�J��U�*+'
E3 = 17.0 GPa?8��91Z2mV��91�-%-M
G13 = G23 = 3.28 GPa;w�!�C%!��?rKv;w�!� <-�C9
ν31 = ν32 = 0.46
ν21 = 0.58� %J��ku#&94�C0b#:?tW /�?r0T�!#:%!��/19�, ���g0T���:0!�!��U�*+'
E1 = 12.0 GPa7 � � ��4H:x;w�-kn/��CM
E2 = 13.4 GPa;w�!�C%!��?rKv;w�!� <-�C9
E3 = 20.0 GPa
G12 = 4.53 GPa
G13 = 5.61 GPa
G23 = 6.23 GPa
ν12 = 0.376
ν13 = 0.222
ν23 = 0.235eO����*V�Q0$#:?tWA7 � � �'��: k(*8'C�!��%g0T�!/1'C0T/1�T#:? *8%J�:0T�J��U�*+'
E = 5.44 GPa0T*+m�* #1M7;w�J�-%!�1?+K ?+�C6��C?qku#:'_��*+9��
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x∗i = xi + ui
7 6>W&��:

�^���C�!�
ui = ui(xi, t)
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dx∗i = dxi +
∂ui
∂xj

dxj
7 6>W�� :

�^���C�!� ∂ui

∂xj

*8%�'-#:?8?+�-,v0T���z,��Q;w���!kE#&0!*8��9vZ��T#&,�*8�C9N0)W 7 6>W�� :O'-#:9�0T���C9BmV�{�^�!*r0!0T�C9
���



�+� ��� ����� � 
�� ��� ��� ��� � ��� ��� � � � � � ��� ��� �����	� � � � ��� � ��
 � � ������
�� � � � � � �

P
P ∗

Q
Q∗

xi
x∗i = xi + ui(xi)

x∗i + dx∗i = xi + dxi + ui(xi + dxi)
xi + dxi

dxi

dx∗i
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dx∗i =

(
δij +

∂ui
∂xj

)
dxj
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δij
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P
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ds
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mhK
ds∗
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ds2 = dxjdxj; (ds∗)2 = dx∗kdx
∗
k
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(ds∗)2 − ds2 =

(
∂ui
∂xj

+
∂uj
∂xi

+
∂uk
∂xi

∂uk
∂xj

)
dxidxj
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X 0I*+%�UV��%!%!*+m�?+�{0!�2�^�J*+0!� 7J6>W�6�:$#:%

(ds∗)2 − ds2 = 2dxiEijdxj
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Eij =
1
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(
∂ui
∂xj

+
∂uj
∂xi
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∂uk
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∂uk
∂xj
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εij =
1
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(
∂ui
∂xj

+
∂uj
∂xi
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εij
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∫

S

tidS +

∫

V

ρbidV = 0
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∫

V

(
∂σij
∂xj

+ ρbi

)
dV = 0
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∂σij
∂xj

+ ρbi = 0
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∫

V

vi

(
∂σij
∂xj

+ ρvibi

)
dV = 0
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∫

V

(
∂(viσij)

∂xj
−
∂vi
∂xj

σij + ρvibi

)
dV = 0
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∫

V

∂vi
∂xj

σijdV =

∫

S

vitidS +

∫

V

ρvibidV
7J6>W�� �J:

<>*+9�'-�
σij

*8%b#(%JK7kEk(�Q0T�!*+'z0!�-9�%J���-MV��9�?rKY0!���l%JK7k(kE�Q0T�!*+'SU�#:�J0b�:; ∂vi

∂xj

�^*+?8?q'C��9N0!�!*+m�/10T�z0T�(0!���l?8�Q; 0
�`#:91,40!�-�Jk *89 7J6>W&��J:QWp�����S%JK7k(k(�C0T�J*8'=U`#:�J0^�:; ∂vi

∂xj

*8%$�^�J*+0!0!�-9B#&% �

sym

(
∂vi
∂xj

)
=
1

2

(
∂vi
∂xj

+
∂vj
∂xi

) 7 67W�� � :
�����C9�M�mNKY'C��k(U`#:�!*+9�Zn0!��*8%�� �N/`#�0T*8�:9��^*r0T� 7 6>W �J:�0T�1�z;w�:?8?+�f�^*891Z �N/`#:9h0T*r0cKv'-#:94mV�S,1� � 9��C,��

εvij = sym

(
∂vi
∂xj

) 7 67W����J:
XL9N0!�!�7,�/1'-*891Z 7J6>W����J:O*89h0T� 7 6>W&��J:x0T���{;w��?+?8�f�^*+9�Zn�!�C? #&0!*8�:9Y*8%���m>0_#:*+9��-,��



� � ������� ��� �	� � � � � ����� 
 ��
 � � � � ��� � � �+6

∫

V

εvijσijdV =

∫

S

vitidS +

∫

V

ρvibidV
7J6>W����J:

����*+%=� �N/`#&0!*8��9�*8%5 791� �^9y#:%50T�1�n�O�-#: B;w�:�!k �:;j� �N/�*8?+*8m��J*+/�k �:�50!����U1�!*891'-*8U�#:? �:;j67*8�g0T/`#&? �O���! �M
#:9�,���*8?8? ?8#&0T�C��mV�z/�%J�-,40T�2,��-�J*+6��{0!��� � 9�*+0!�z�C?8�CkE�C9N0�;w���Jkn/�? #�0T*r��9�W

� 
 � � '��$')� #9#A?;#+* #+�,� � ��� * � ?;��� ';���

� �u��m>0_#:*+9�#(/�%J�C;w/�? � 91*+0T�z�-?8�CkE�C9N0^;w���!kn/�?8#&0!*+�:9�M`kE#&0!�!*&	Y91�:0_#&0!*8��9Y0T/��J9�%b��/10I0!�EmV�l'-��9h6��-9�*+�-9h0
mV�-'-#:/�%J�S0T�1*8%$;w���!kE#&0�*+%�kE�:�!�{%!/1*+0_#&m�?8�5;w����9N/�kE�C�!*+')#:? *8k(U�?+�-k(�C9N0_#�0T*+�:9�W
X ;RkE#&0T�J*&	E;w���!kn/�?8#&0!*+�:9Y*8%^#&,���U10!�-,�0T���z���7/�#&0T*+��94�:; 67*8�g0T/`#:? �O���! 7 6>W&� �J:O'-#:94mV�{�^�!*+0J0T�C9B#:%

∫

V

(εv)TσdV =

∫

S

vT tdS +

∫

V

ρvTbdV
7J6>W���HJ:

�^���C�!�

εv =




εv11
εv22
εv33
2εv12
2εv13
2εv13



; σ =




σ11
σ22
σ33
σ12
σ13
σ23



; v =



v1
v2
v3


 ; t =



t1
t2
t3


 ; b =



b1
b2
b3


 7 67W�� ��:

�����&M�UV�-�J�`#:U�%CM`;w/�9�9hKY?8�7�� N*891Zn;w���Jk �:;
εv
�^*8?8? mV�z� 	1U1? #:*+9��-,�*89Y0!���z9��
	70b%J�-'C0!*8�:9�W

�����29�� 	70S%J0T�CUy*89�0T��� � 91*+0T�n�-?+�-k(�-9h0{;w���Jkn/�? #�0T*r��9�*+%=0!��*+9N0T�J�7,�/�'C�2#:9y#:U�U1�!��	1*+ku#�0T*+�:9�;w���50T���
,�*+%!U�?8#:'-�CkE�C9N0�6��C'C0!���

u
;w���$0T�1�zm �7,>K�Wj�����l#&U�U��!��	>*8kE#&0T*+�:9Y*+%^Z:*+6��C94mNK �

u =Na
7J6>W���� :

�^���C�!�
N

*8%a0T��� 6�/�!�IC��/ �C� �������)%� F2�#K*!D �4#:9�,
a
*8%2#�6��C'C0!���2'-�:9N0_#&*89�*+9�Z�0T���  F!��H��/^,�*8%JU�? #&'-�DP

k(�-9h0T%5�:;\0!���nmV�7,1K:Wz<>*+9�'-�l0T�1�n%J�`#:UV�a;w/�9�'Q0T*+��9�%5��91?+K4,��CUV�-9�,]�:9�0T���aUV��%!*r0T*+��9�#&9�,�0T���a9��7,`#&?
,�*+%!U�?8#:'-�CkE�C9N0�6��C'C0!���I�:9�?+Kv,1�-UV�C9�,�%b��9�0!���{0T*+kE�&M1*+0�')#:94mV�z'-�:9�'-?+/�,��-,�0T�`#�0

ε = Ba
7J6>W�� �J:

�^���C�!�z0T���zkE#&0!�!*&	
B
*8%�,��C�!*+6:�-,4;w�J��k 0T�1�zku#&0!�!* 	

N
#:'C'-���J,�*89�Z�0!� 7J6>W � :QW

�b�f�zM>0T�n��m10T#:*89E0T��� � 9`#:? �
	>U��J�-%!%!*+��9Y;w���x0T��� � 91*+0T�5�C?8�CkE�C9N0O;w���Jkn/�? #�0T*r��9�Mh0T���{#&�!m�*r0T�T#&�JK26��C'C0T�:�
v
k�/1%J0{mV�n*89N6��C%J0!*8Zh#�0T�-, WSX 0{*+%=UV��%J%!*+m�?8�l0T��#&U�U��!��	>*8kE#&0T�S0T��*+%56��C'C0!���{*89�0T���n%T#&kE�a�O#fK�#:%50T���

,�*+%!U�?8#:'-�CkE�C9N0�6��C'C0!���I*tW �&W



�� ��� ����� � 
�� ��� ��� ��� � ��� ��� � � � � � ��� ��� �����	� � � � ��� � ��
 � � ������
�� � � � � � �

v =Nc
7J6>W�� 4H:

�^���C�!�
N

*+%O0T���{%!#:k(�{%J�`#:UV�{;w/19�'C0!*8��91%�,��C%!'C�!*8mV�{�)#:�J?8*+�-�$#&9�,
c
*8%�#&94#:�Jm�*+0!�T#:�gK(6��-'Q0T���CWj����*8%$*8%

 N9�� ��94#:%��z#:?+�-�! N*+9�� %xk(�C0T�1�7,�Wx<7*89�'C�
c
*+%$#&�!m�*r0T�T#&�JK2*+0�*8%�UV��%J%!*8m1?8�I0T�n,1� � 9��{# �7/�#:9N0!*+0LKE%J*8k(*8?+#:�

0T�
ε
#:'C'-�:�!,�*+9�Z�0T� �

εv = Bc
7J6>W���6 :

X ;A7 67W�� 4J:QM 7J6>W��"6 :QM 7 6>W��"� :O#:9�,	7 67W�� �J:$#:�J�z*89h0T�J�7,�/�'-�C,4*89h0T� 7 6>W���HJ:�0!���{;w��?+?8�f�^*+9�Zn� �N/`#&0!*8��94#:�J*8%!���

cT
[∫

V

(B)T σdV −

∫

S

(N )T tdS −

∫

V

ρ (N )T bdV

]
= 0

7J6>W�� �J:
<>*+9�'-�{0!��*8%����7/�#&0T*+��94kn/�%g0I�1��?8,Y;w���^#&9B#:�Jm�*+0!�T#:�gK

c
6��C'C0T�:�I*r0^*8%�'C��9�'C?8/�,1�-,40!�`#&0

∫

V

(B)T σdV = f
7J6>W���� :

�^���C�!�
f
*8%$0!���z�
	70T�C�!9`#:?�;w���!'C�-%I#:'-'C���!,1*89�Z�0T���

f =

∫

S

(N )T tdS +

∫

V

ρ (N )T bdV
7J6>W�� �J:

<>*+9�'-�v0T�1� � �RP ;w���!kn/�?8#�0T*r��9[*+%�,1�-�!*r6��-,A/1%!*891Z]��9�?rK|0T���Ym`#:?8#:9�'C�Y�:;I?8*891�)#:�ak(��k(�-9N0!/�k4M 7 67W�� � :
����?+,�%$;w�����C6��C�JK�'C��9�%J0!*+0!/10T*r6��z�J�-?8#&0T*+��9�W

� 
)( � ����&:� ')�"� � ')68#%��#A?;��� '����

X 0�*+%$9��f��0!*8k(�b0!��*+9N6��C%J0T*+Zh#&0!�50!���='-��91%J0T*r0T/10!*+6��5�!�C? #&0!*8��9E* W �:WR0T���=�!�C? #&0!*8��9Em �Q0L�O�-�C940!���=%J0T�J�-%J%!�-%
#:9�,B0!���a%g0T�T#&*89�%CWI���1�n'C��9�%g0T*+0!/10T*r6��l�J�-?8#&0T*+��9�0T�`#�0b�^*+?8?qmV�a/�%J�-, *+940T��*+%I0!���-%J*8%5*+%b'-#:?8?+�-,�sI�7�� � %
? #)� #:9�,4*r0^'-#:94m �{�^�J*+0!0!�-94#:%

σij = Dijklεkl
7 67W�� �J:

�^���C�!�
Dijkl

*8%^#n;w�:/��J0T���:�!,��C�!%�0!�-9�%J���-W�<>*+9�'-�{mV�:0!�
σij

#&9�,
εkl

#:�!�{%JK7k(k(�C0T�J*8'"�N/`#:9h0T*r0T*8�C%�*r0�*8%
�C67*+,��-9h0I0!�`#&0

Dijkl = Djikl; Dijkl = Dijlk

7 67W���HJ:
X 0G�O#:%G,�*8%J'-/�%J%!�-,l�)#:�J?8*8�C� 0!�`#&0Gku#�0T�!* 	b;w���!kn/�?8#&0!*+�:9{*8%q'C��9N6:�-9�*+�-9N0G;w���q9N/�k(�-�!*+')#:?:*8k(U�?+�-k2�-9N0T#&0T*r��9�M
*+0�*8%n0T���C�!�Q;w���!�Y67*+0_#&?O0T�]�-%J0T#:m�?+*8%!�d0T�1�4'C��9�%g0T*+0!/10T*r6����J�-? #�0T*8�:9d*89d0!��*8%n; #:%!�1*8��9�W.i�Kd� 	>U`#:9�,�*+9�Z
� �N/`#�0T*8�:9	7 67W�� �J:OmhKY*+0T%�,�/1kEkaKu*89�,1�
	4#&9�,4/�%!*+9�Z�7 6>W5�"HJ:�0!���{;w��?+?8�f�^*+9�Zn�!�C? #&0!*8��9v*8%���m10T#:*891�-,



� � � ��� ��� � 
�����
 ��
 � � � ��
�� � � � ����� � � ��������� � �

[σij] =
[
Dij11 Dij22 Dij33 Dij12 Dij13 Dij23

]




ε11
ε22
ε33
2ε12
2ε13
2ε13




7 67W�����:

i�Kv'_���7��%!*+9�Z2U��J��UV�-�$6&#:?+/��C%�;w���O0T���{*89�,1�
	>�-%
i
#&9�,

j
0T���{'-�:9�%J0!*+0T/>0T*+6��=�!�-?8#&0T*+��9v*+9�kE#&0T�J*&	E;w�:�!k

*8%�Z:*+6��-9�mNK

σ =Dε
7J6>W5�N� :

�^���C�!�

σ =




σ11
σ22
σ33
σ12
σ13
σ23



; D =




D1111 D1122 D1133 D1112 D1113 D1123
D2211 D2222 D2233 D2212 D2213 D2223
D3311 D3322 D3333 D3312 D3313 D3323
D1211 D1222 D1233 D1212 D1213 D1223
D1311 D1322 D1333 D1312 D1313 D1323
D2311 D2322 D2333 D2312 D2313 D2323




ε =




ε11
ε22
ε33
2ε12
2ε13
2ε23




� 
 � � # ��# ���>? � ����* ��� � ����# 	 � ����� & * # �"!�� �

�����Y���7/�#&0T*+��9d%JK7%g0T�-k 0T�`#&0�#:�!*+%!�E;w�!��k 0T�1� � 9�*+0!�v�-?+�-k(�-9h0n;w�:�!kn/�? #�0T*r��9"*+%n/1%!/`#:?+?+Ky9���9�?+*89��-#:�
#:9�, M1�^��*+'D�Y�^*+?8? mV�{%J��� �^9�? #&0!�-�-M>')#&9�*89h6���?+6��5ku#:9hKuU`#&�T#:k(�C0!�-�!%CWp� ���-9�%!��?r67*89�Za0T���C%!�{0LK7UV�z�&;
U��J��m�?8�CkE%O0T���z/�%J/`#:?G#:U�U1�!�h#:'_�4*8%�%J��k(�z N*891,4�:; *+0T�C�T#&0!*+6��=k(�C0T�1�7,4%!/1'D��#:% �I�C��0!��9�� %bk(�C0!���7,�W
�`���{#v��9��QP ,�*8k(�C9�%!*+��9`#:? U��!��m1?8�-k 0!����*8,��-#Y�&; �b�Q��0T��9 � %zkE�Q0T���7, ')#:9]mV��%!�C�-9|*+9 � Z 6>W 4�Wl�����
*8%J%!/��l*8%I0T� � 9�,�0T���a%J��?8/>0T*8�:940T�E0!���a9��:9�?8*+9��)#:�^� �N/`#&0!*8��9

f(x) = 0
Wb����*+%5*+%b,���9��lmNKBZ:/��-%J%!*891Z

#:94*891*+0T*+#:? 6�#:?8/1�z�:;
x
M`*tW �&W

x0
MV#&9�,40!���-9B*+,��-9h0T*r; Ku0T�1�SUV��*+9N0

f(x0)
W �`���$0T��*+%^UV��*+9N0�0T�1�z0_#&9�Z��-9h0

*8%E,��Q0T�C�!k(*89��C,	#:9�,��
	70!�T#:UV��?8#&0T�C,�0!�[��m10T#:*89A0T����9�� 	>0Y�C%J0!*8kE#&0T*+��9 *r;=0T����%J��?8/10!*8��9
x1
W ����*+%

U��J�7'-�-,1/��!�S*+%�0!���-94�!�CUV�)#&0!�-,B/�9h0T*8? %T#&0!*8%J; K7*+9�Z(#:'C'-/��!#:'CKY�:; 0!���z%!�:?8/10!*8��9Y*+%���m10_#&*89��C,�W
eO��9�%J*8,��C�^9�� � 0T�1�z;w�:?8?+� �^*+91Z����7/�#&0T*+��9�M10T�`#�0^;w���$0!���{�$#:9h0T�C,B%J0T#&0T�{;w/�? � ?8?+%





ψ1(a1 . . .an) = 0WWW WWW
ψn(a1 . . .an) = 0

7 67W����J:

�^���C�!�
(a1, . . . ,an)

#&�!�n#:?8?G0!���n*+9N6���?r6��-,�U`#:�!#:k(�C0T�C�!%CW � %!%!/�k(�&Mq*+9 #:'C'-���J,`#:9�'C�n�^*r0T��0T�1�n��9��DP
,�*+kE�C9�%!*+��9`#:?�')#:%J�:M 0T�`#&0�0T���\%g0_#&0!�

(a1+da1, . . . ,an+dan)
%T#�0T*8% � �-% 7 6>W5�"�J:DW sI�-�J�

(da1, . . . , dan),��C9��:0T�C%$%!kE#:?8?�*+9�'-�J�-k(�-9h0T%-M>��� 2C!D()(C�C2�#�*!D �QMN;w�����)#&'D�YU�#:�T#:k(�Q0T�-�CW\i�KE/�%J*89�Zn#a� #fK7?+�����
	>U`#:9�%J*8��9
#:9�,4*+Z�9��:�!*+9�Z��1*8Z����C�����!,��C��0!�-�!k(%�0!���{;w��?8?+�f�^*+9�Zn� �N/`#&0!*8��9�*8%���m>0_#:*+9��-,



� � ��� ����� � 
�� ��� ��� ��� � ��� ��� � � � � � ��� ��� �����	� � � � ��� � ��
 � � ������
�� � � � � � �

x

f(x)

x0x1x2

�R*8Z�/1�!� 6>W54�� �b�C��0!��9�� %IkE�Q0T���7,Y;w���^#2�:9��QP ,�*8k(�-91%!*8�:9`#:? U��!��m1?8�-k





ψ1(a1 + da1 . . .an + dan) = ψ1(a1 . . .an) + dψ1(a1 . . .an)WWW WWW
ψn(a1 + da1 . . .an + dan) = ψn(a1 . . .an) + dψn(a1 . . .an)

7 67W�� 4H:

���CM`%J*89�'C�{0T���z%g0_#&0!�
(a1 + dai, . . . ,an + dan)

%T#&0!*8% � �-%�7 6>W5�"�J:





0 = ψ1(a1 . . .an) + dψ1(a1 . . .an)WWW WWW
0 = ψn(a1 . . .an) + dψn(a1 . . .an)

7 67W��"6 :

sb�C�!�(0T���E%gK>knmV��?
d
,��C9��:0T�C%a,�*�� �-�J�-9h0T* #�0T*+��9�W �`/��J0!���-�JkE�:�!�(kE#fK�0T���(0T�C�!k

dψi(a1 . . .an)
mV�

�C6�#:?8/�#&0T�C,B#:%

dψi(a1 . . .an) =
n∑

j=1

∂ψi(a1 . . .an)

∂aj
daj

7 67W����J:

i�KY/1%!*891Z 7J6>W����J:O*89h0T� 7 6>W5�N6 :x0T���{;w��?+?8�f�^*+9�Zn�!�C? #&0!*8�:9Y*8%���m>0_#:*+9��-,

−Ψ =KtdA
7J6>W���� :

�^���C�!�

Ψ =



ψ1(a1, . . . ,an)WWW
ψn(a1, . . . ,an)


 ; Kt =




∂ψ1(a1,...,an)
∂a1

· · · ∂ψ1(a1,...,an)
∂anWWW W W W WWW

∂ψn(a1,...,an)
∂a1

· · · ∂ψn(a1,...,an)
∂an


 ; dA =



da1WWW
dan






� � � ��� ��� � 
�����
 ��
 � � � ��
�� � � � ����� � � ��������� � �

Kt

*8%^/1%!/`#:?+?+Kv')#&?8?8�C,�0!��� # �� �6��� �#����/F��#� �  F�C�C�>& ��#�(����W ���J��k@7J6>W5��� :$*r0I*+%^UV��%!%J*8m�?+�{0T�(')#:?+'-/�?8#&0T�
0T�1� '-�:�!�!�C'C0T*+��9�%u;w���u�)#:'_� U`#:�T#&kE�Q0T�C�v* W �:W

dA
MI%!*891%�#:?+?b�:0!���-�#�N/`#:9N0!*+0!*8�-%v#:�!�� N9��f�^9�W�X 0Y*8%

;w/��g0T���C�!k(���!�{UV��%J%!*8m1?8�=0T�2/�UV,`#&0!�S�-#:'_�BU`#&�T#:k(�C0!�-�^#:'C'-���J,�*891Z20!�

Ai+1 = Ai + dA
7J6>W5���J:

�^���C�!�(0!���(%!/1m�%!'C�!*8U>0
i
,��C9��:0T�C%S0T�1�(*89�'C�!�CkE�C9N0S*+9�,��
	y#:91,y0T�1�26��-'Q0T���

A
'C��9h0_#:*+9�%{0T����6&#:?+/��-%
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ψ(a) =

∫

V

(B)T σdV − f
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ψ(a) = 0
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∫

V

(B)T dσdV = f −

∫

V

(B)T σdV
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dσ =Dtdε
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Dt
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dε
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dε = Bda
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Ktda = f −

∫

V

(B)T σdV
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Kt =

∫

V

(B)T DtBdV
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U =
1

2
εijσij =

1

2
εTσ
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dE

dt
=





Ce(U − (1 + s)Un), U > (1 + s)Un

0, (1− s) ≤ U ≤ (1 + s)Un

Ce(U − (1− s)Un), U < (1− s)Un
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U

dE
dt

Un

2s

1

Ce
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dE

dt
= Ce(U − Un)
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∫ En+dE

En

dE =

∫ t+∆t

t

Ce(U − Un)dt
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∆E = Ce∆t(U
n+1 − Un)
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σ =Dε
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D =
E

(1 + ν)(1− 2ν)




1− ν ν ν 0
ν 1− ν ν 0
ν ν 1− ν 0
0 0 0 1

2
(1− 2ν)
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σn+1 =Dn+1εn+1 :Dn+1 =
En +∆E

(1 + ν)(1− 2ν)




1− ν ν ν 0
ν 1− ν ν 0
ν ν 1− ν 0
0 0 0 1

2
(1− 2ν)
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Ce∆t

[
1

2
(εn+1)Tσn+1 − Un

]
= Ce∆t

[
En +∆E

2(1 + ν)(1− 2ν)
(εn+1)TGεn+1 − Un

] 7 �>W�� �J:
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∆E =
c2

1− c1
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c1 =
Ce∆t

2(1 + ν)(1− 2ν)
(εn+1)TGεn+1
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c2 = Ce∆t

(
En

2(1 + ν)(1− 2ν)
(εn+1)TGεn+1 − Un
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σn+1ij = Dn+1
ijkl ε

n+1
kl
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�^���C�!�
Dn+1

ijkl =
En+1

1 + ν

(
1

2
(δikδjl + δilδjk) +

ν

1− 2ν
δijδkl

) 7 �>W�� ��:
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dσn+1ij = dDn+1
ijkl ε

n+1
kl +Dn+1

ijkl dε
n+1
kl
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dDn+1
ijkl
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dDn+1
ijkl = d(En+1Aijkl) = d(∆E)Aijkl

7 �>W�� �J:
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Aijkl =
1

1 + ν

(
1

2
(δikδjl + δilδjk) +

ν

1− 2ν
δijδkl

)

� ���C9�7 �1W����J:�*8%�*89h0T�J�7,�/�'-�C,4*89h0T��7 �1W&�+� :�0!���{;w��?8?+�f�^*+9�Zn� �N/`#&0!*8��9�*8%���m>0_#:*+9��-,��

dDn+1
ijkl = Ce∆t

(
∂Un+1

∂σn+1mn

dσn+1mn +
∂Un+1

∂εn+1mn

dεn+1mn

)
Aijkl

7 �>W��
4H:
7 �>W�� 4J:O*8%�*+9�%!�C�J0T�C,B*+9N0!��7 �>W���� :$#:91,40!���z�!�C%!/�?r0I*+%

dσn+1op

(
Iijop − Ce∆tAijklε

n+1
kl

∂Un+1

∂σn+1op

)
=

(
Ce∆tAijklε

n+1
kl

Un+1

∂εn+1qr

+Dn+1
ijqr

)
dεn+1qr

7 �>W���6 :

�b�f� 0T���l��9�?rKY0!��*89�Z(�!�Cku#:*+9�*+9�Z2*8%^0T�E*89h6��-�g0b0!���S;w���J0!�B���!,��C�!%I0T�C9�%!���b��940T���l?+�C; 0b��#:9�,�%!*+,��l�&;
7 �>W��"6�:QWxeO�:knm�*89�*+9�Za0T��*+%��^*r0T� 7 �1W �J:�0!���{;w��?8?+�f�^*+9�Z����N/`#&0T*+��9�*8%���m10T#:*891�-,��

dσn+1ij = (Dn+1
ijqr )

ATSdεqr
7 �>W�� �J:
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Dn+1

ijkl

)ATS M�*8%�*+9N0!�!�7,�/�'C�-,B#:% �

(Dn+1
ijqr )

ATS =
1

2
Ce∆tAijklε

n+1
kl σn+1qr +D

n+1
ijqr+

1
2
Ce∆tAijmnε

n+1
mn ε

n+1
op (

1
2
Ce∆tAopklε

n+1
kl σn+1qr +Dn+1

opqr)

1− 1
2
εn+1uv Ce∆tAuvstε

n+1
st
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∫
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���CM`mhKY/�%!*+9�Z�0T���z,�*r6��-�JZ��-9�'C�z0T�1�-���J�-k

∫

V

[
w
d

dt
(ρwnw)−

∂w

∂xi
ρnw(vw)i

]
dV +

∫

S

wρwnwni(vw)idS = 0
7 �>W�� 4H:

� ��,��)#&? �^*+0!�v0!���50T*+kE�b,��C�!*r6&#&0T*r6��b0T�C�!k 7 �>W��
4H:x*+%$#:U�U��J� 	>*8kE#&0T�C?+K�0T*+k(�b*89N0!�-Z��!#&0T�C,vmNKv#:9*�j/1?8�C�
m`#:'_ h�$#:�J,4;w���!kn/�?8#aZ�*+67*891Z

∫

V

[
w ((ρwnw)t+∆t − (ρwnw)t)−∆t

∂w

∂xi
ρwnw(vw)i

]
dV +∆t

∫

S

wρwnwni(vw)idS = 0
7 �7W���6 :

���CM`mhK�#:,��:U10T*+9�Z2kE#&0T�J*&	E;w���Jk�/1? #�0T*+�:9

∫

V

[
w ((ρwnw)t+∆t − (ρwnw)t)−∆tρwnw

(
∂w

∂x

)T

vw

]
dV +∆t

∫

S

wρwnw(n)
TvwdS = 0

7 �7W�� �J:
�^���C�!�

∂w

∂x
=




∂w
∂x1
∂w
∂x2
∂w
∂x3


 ; n =



n1
n2
n3


 ; vw =



(vw)1
(vw)2
(vw)3




X 0I*+%�9�� � UV��%!%J*8m�?+�=0T�2*89N0!�!�7,�/1'-�S#&9B#:U�U1�!� 	>*+ku#&0!*+��9u;w���$0T���{���-*8Z:�N0�;w/�9�'C0!*8�:9
w
#&'-'-�:�!,�*+9�Z�0T�
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 � ����
���� �

� � � � � �

w =Nc
7 �>W�� � :

�^���C�!��0!���n6��C'C0!���
N

�!�CU��!�C%!�C9N0T%z%!��k(�n%!��#:UV�n;w/�9�'C0!*8��91%�7 9��:050T�YmV��'C��91;w/�%J�-,]�^*r0T��0T�1��%!��#:UV�
;w/�9�'Q0T*+��9

N
,�*8%J'-/�%J%!�-,Y*89u'_�`#:U>0T�-� 6 :x#:91,

c
*8%O#:9v#:�!m�*r0T�!#:�JK�6��C'C0!���-Wx<>*891'-�

c
,��a9��:0O,��CU �C9�,Y��9

0T�1�SUV�:%!*+0!*8��9Y*r0^*+%��C67*8,1�-9N0^0T��#&0

∂w

∂x
= Bc

7 �>W�� �J:
�^���C�!�

B =
∂N

∂x

7 �7W�� �J:
XL9N0!�!�7,�/1'C0T*+��9��:;A7 �>W���� :$#:91,	7 �>W�� �J:�*89N0!��7 �>W�� �J:�0!���-9�K>*+�-?+,�%

(c)T
∫

V

[(
N
)T
((ρwnw)t+∆t − (ρwnw)t)−∆tρwnw

(
B
)T
vw

]
dV+

(c)T ∆t

∫

S

(
N
)T
ρwnw(n)

TvwdS = 0
7 �>W5�"HJ:

<>*+9�'-� 7 �>W5�"HJ:Okn/�%g0I�1��?8,Y;w���$�C6��-�gKY6��-'Q0T���
c
*r0^*+%���mN67*8�:/�%�0!�`#&0

∫

V

[(
N
)T
((ρwnw)t+∆t − (ρwnw)t)−∆tρwnw

(
B
)T
vw

]
dV+

∆t

∫

S

(
N
)T
ρwnw(n)

TvwdS = 0
7 �>W5�'��:

X 0��^*8?+?�?8#&0T�C�j0T/��!9u��/10�0!�amV�5'-�:9N6��C9�*8�C9N0O0T�a91���!kE#:?8* <-��7 �>W5�'��:\mNK20T���b,��-91%!*+0LK(�:;�0T��� !`/�*+,u*89(0T���
�!�Q;w�-�J�-9�'C�l'C��9 � Z�/1�T#&0!*8��9�M

ρ0w
M`Z�*r67*89�Z

∫

V

[(
N
)T
(
(
ρw
ρ0w
ns)t+∆t − (

ρw
ρ0w
ns)t

)
−∆t

ρw
ρ0w
ns
(
B
)T
vw

]
dV+

∆t

∫

S

(
N
)T ρw

ρ0w
ns(n)TvwdS = 0

7 �>W5�N� :

sb�C�!�{0T���{0!�-�!k
nw

�`#:%^mV�-�C9B�!�CU�? #:'C�-,4mhK
ns

*894#:'C'-���J,`#:9�'C�z�^*+0!�	7 �>W�6 :



� ������� ��� � 
 ��� � ��� ����� ��� � � � � ����� ��� �N6

������'C��9�%J0!*+0!/10T*r6��n�J�-? #�0T*8�:9B;w���b0T���nUV���J� !`/�*8,�!`� � *8%5Z��f6��-�!91�-,]mNK�3=#:�J'CK � %z? #)�zM �^��*+'D� %J0T#&0T�C%
0T��#&0^0!��� !`/�*+,�!`�f� *+%�U��!�:UV���J0T*+��9`#&? 0T��0T���zZ:�T#:,�*+�-9h0^�:; 0T���zU�*+��<C��kE�Q0T�J*8'=���-#:,B*tW �&W

sn(vw)i = −k̂ij
∂φ

∂xj

7 �7W����J:

�^���C�!�
k̂ij

*+%=#E0T�-91%!���=,��C%!'C�!*8m1*89�Zu0!���nUV�C�!k(�)#:m�*+?8*r0LK��:;\0!���nk(�-,�*+/�k #:9�,
φ
*8%b0!���nU�*+��<C��k(�C0T�J*8'

���-#:,�M`,�� � 9��-,�#:%

φ = x3 +
uw
gρw

7 �7W�� 4H:
�^���C�!�

x3
�!�CU��!�C%!�C9N0T%l0T���(�-?8�Q6&#&0!*8��9];w�J��k %J��kE�(�J�C;w�C�!�-91'-�u,`#&0!/�k #:9�,

g
*8%{0T���(ku#:Z:9�*+0!/�,��2�&;

0T�1�(Z��!#f67*+0T#&0T*+�:9`#:?p#&'-'-�C?8�C�T#&0!*8��9y#:'Q0T*+9�Z�*89]��U�UV��%J*+0!�2,�*8�J�-'Q0T*8�:9 0T�
x3
WE<>*89�'C��0T���2,�*8�J�-'Q0T*8�:9y#:9�,

kE#:Z�9�*r0T/�,��=�&;
g
*8%�'-�:9�%J0T#:9N0-M;7 �>W5�"�J:O'-#:94mV�z���!*+0J0T�-94#:%

sn(vw)i = −k̂ij
1

gρw

(
∂uw
∂xj
− ρwgj

) 7 �7W��"6 :
�^���C�!�

gj = −g
∂z

∂xj���CM`mhK�#:,��:U10T*+9�Z2kE#&0T�J*&	E;w���Jk�/1? #�0T*+�:9

snvw = −k̂
1

gρ

(
∂uw
∂x
− ρwg

) 7 �7W����J:

� 
)( � ��* # ��';� & �>?;�$� ';��� � #+� !��$' � �$#

XL9Y0T��*+%�%J�-'Q0T*8�:9�0!���{97/�k(�-�J*8'-#:? %J��?8/10!*8��9u0!�-'_��9�*��7/1�{;w����#�'-�:/�U�?+�-,*!`/�*+,*!`�f���&,�*+%!U�?8#:'-�CkE�C9N0�%gK>%cP
0T�Ck �^*8?+?pmV�2,�*+%!'-/1%!%!�C,�WE�����(%!�:?8/10!*8��9�0T�C'_��9�* �N/��20!�`#&0z�^*+?8?RmV�2/�%!�C,"*+% �I�C��0!��9�� %lk(�C0!���7,y,��DP
%!'C�!*+mV�-,4*89�%!�C'C0!*8��9

5.5
#:9�,�0!���z%JK7%J0!�-k��:;R���7/�#&0T*+��9�%�0!�`#&0^*8%$0T�2mV�z%!��?r6��-,4*8%�,�� � 9��C,�mhK

{
ψ1(a, uw) = 0
ψ2(a, uw) = 0

7 �7W���� :
�^���C�!�

ψ1(a, uw) =

∫

V

(B)T σdV −

∫

V

(B)T IχuwdV −

∫

S

(N )T tdS −

∫

V

ρ (N )T bdV
7 �>W5���J:
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� � � � � �

#:9�,

ψ2(a, uw) =

∫

V

[(
N
)T
(
(
ρw
ρ0w
ns)t+∆t − (

ρw
ρ0w
ns)t

)
−∆t

ρw
ρ0w
ns
(
B
)T
vw

]
dV+

∆t

∫

S

(
N
)T ρw

ρ0w
ns(n)TvwdS = 0

7 �>W5���J:

XL9B#:'-'C���!,�#:9�'C�z�^*+0T� 7 67W��N6�:�0T���{;w�:?8?+� ��*891Z��J�-? #�0T*8�:9Y*+%^Z:*+6��C9

{
ψ1(a, uw) + dψ1(a, uw) = 0
ψ2(a, uw) + dψ2(a, uw) = 0

7 �7W54"HJ:
�^���C�!�z0!���{0T�C�!k(%

dψ1(a, uw)
#:91,

dψ1(a, uw)
91�-�C,�%^;w/��J0!���-��*89N6��C%J0!*8Zh#�0T*8�:9Y*+9����J,��-�$0T�2��m>0_#:*+9

0T�1� � 9`#:?q� 	>U��!�C%!%!*+��94;w��� �b�Q��0T��9 � %Ik(�C0T�1�>, W
<>*+9�'-��0!�����
	70!�-�!9�#:?5;w���J'-�C%Y,��[9��:0v,��-UV�C9�,���9�0T����%g0T�T#&*89�%u���E0T����UV�:�!��U��J�-%!%J/��!�&Mb0T�1��0T�-�Jk
dψ1(a, uw)

'-#:94mV�z�^�J*+0J0T�-94#:%

dψ1(a, uw) =

∫

V

(B)T d(σ)dV +

∫

V

(B)T Id(χuw)dV
7 �>W 4 ��:

XL9N0!�!�7,�/1'-*891Z 7 �>W����J:O*89h0T� 7 �>W 4 ��:x0T���C9BZ�*r6��-%

dψ1(a, uw) =

∫

V

(B)T DdεdV +

∫

V

1

3Ks

(B)T DI

(
ds

duw
uw + s

)
duwdV+

∫

V

(B)T I

(
dχ

duw
+ χ

)
duwdV

7 �>W54N� :

X 0$*8%�9��f��UV��%!%J*8m�?+�b0!��#:U�U1�!��	1*+ku#�0T�I0!���5UV���!�5U��J�-%!%J/��!�
uw

*+9E0T���5%T#:k(�b; #:%J��*8�:9Y#&%$,1�-%!'C�!*+mV�-,Y*89
7 �7W�����:O* W �:W

uw =Np
7 �>W54"�J:

�^���C�!�
p
*8%�#�6��-'Q0T����'-��9h0_#:*+9�*891Z�0!���Y9��7,`#:?�6&#:?+/��-%n;w���a0T���YUV���J��U1�!�-%J%!/��J�:WA<>*891'-�v0T���Y%!��#:UV�

;w/�9�'Q0T*+��9�%^,1�(9��:0^,��-UV�C9�,��:9�0T�1�SUV�:�!�zU��J�-%!%J/��!�S*+0�*8%��C67*+,��-9h0I0!�`#&0

duw =Ndp
7 �>W 4"4H:

XL9N0!�!�7,�/1'-*891Z 7 �1W�6�:QM 7 �7W54N� :$#:9�,	7 �>W 4"4H:O*+9N0!��7 �7W54<��:OZ�*r6��-%
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 ��� � ��� ����� ��� � � � � ����� ��� ���

dψ1(a, uw) =

∫

V

(B)T DBdV da+

[∫

V

1

3Ks

(B)T DI

(
ds

duw
Np+ s

)
NdV +

∫

V

(B)T I

(
dχ

duw
Np+ χ

)
NdV

]
dp

7 �>W54N6 :

�p6&#:?+/`#&0!*8��9 �:;x0!����0T�C�!k
dψ2(a, uw)

*8%z#Ym�*r0zk(���!�n'-��k(U�?+*8'-#&0T�C,�Wa� ��,��-�J*+6��(#Y/�%!�Q;w/�?\�
	>U��!�C%gP
%!*+��9�M\*+0nkn/�%g0�m ��#&%!%!/1kE�C,.0!�`#&0n0T�1�Y'-/��J�!�C9N02'-��9 � Z�/��!#&0T*+��9d,1*�� �-�!%�#�m�*r0n;w�J��k 0T�1�Y�!�Q;w�-�J�-9�'C�
'-�:9 � Z�/��!#&0T*+��9��&W *tWp0T���z,�*&� �C�!�C9N0!* #&0!*8�:9Y�:; 7 �>W5���J:O#&0�0T*8k(�

t+∆t
*+%��^�J*+0J0T�-94#:%

dψ2(a, uw) =

∫

V

1

J

[(
N
)T
d

(
J
ρw
ρ0w
sn

)
+∆td

(
J
ρw
ρ0w
ns
(
B
)T
vw

)]
dV

7 �>W54 �J:
���C�!�I0T�1�b'-�:9N0T�J*8m�/>0T*8�:92;w�!�:k 0T�1�b%!/1�J; #:'C�b*89N0!�-Z��!#:?`�`#&%�mV�-�C9v9��CZ�?8�C'C0!�-,�W\�$���5'C��9�%g0T*+0!/10T�I�J�-? #�0T*8�:9
Z�*r6��-94mhK'7 �7W�� � :O*8%$0T�1�-9B*+9N0!�!�7,�/�'C�-,�0!� 7 �>W54 �J:QM>0T��*+%$K>*+�-?+,�%

dψ2(a, uw) =

∫

V

1

J

[(
N
)T
d

(
J
ρw
ρ0w
sn

)
+
∆t

ρ0wg
d

(
Jks

(
B
)T
k

(
∂uw
x
− ρwg

))]
dV
7 �7W54�� :

� �4�C6&#&?8/`#�0T��0!��� � �!%g0S,�*�� �-�J�-9h0T* #�0T�-, 0!�-�Jk�*89 7 �>W 4 � :QMq*+9N6��C%J0T*+Zh#&0!*8��9��:;�0!��� �N/`#:9h0T*+0LK
J ρw

ρ0
w
sn

*8%
9��C�-,��C,�W�� �(%J0T#:�J0��^*+0!�	7 �>W5�J:O*8%�*89h0T�J�7,�/�'-�C,�0T��7 �>W&�+6�:OZ�*+67*+9�Z

n =
1

1 + suw

Ks

(
p

Ks

+
suw
Ks

+ 1−
1

J
(1− n0)

) 7 �7W54��J:
@�#:'C? #:/1�!*89(�
	>U`#:9�%J*8��9v�&;�0T��� � �!%J0�0T�C�!k�*89 7 �>W 4��J:j#:9�,u9��-Z:?8�-'Q0T*+9�Za#:?8?�m1/10 � �J%J0O���!,��C��0!�-�JkE%x�^*+?8?
Z�*r6��

n ≈ 1 +
p

Ks

+
1

J
(1 + n0)

(
suw
Ks

− 1

) 7 �7W54��J:
�����C9�MRmNKy*+9N0!�!�7,�/�'C*89�Z 7 �>W&��4H:50!��7 �>W 4��J:{#:9�,"#:Zh#&*89y91�-Z�?+�-'Q0T*891Z�#:?+?\m�/>0 � �J%J0a�:�!,��C�S0!�-�!k(%-MG0T���
;w��?+?8�f�^*+9�Zn�!�C? #&0!*8��9v*8%�Z�*r6��-9

ρw
ρ0w
n ≈ 1 +

p

Ks

−
1

J
(1− n0) + uw

(
1

Kw

+
1

J
(1− n0)

(
s

Ks

−
1

Kw

)) 7 �7W�6 HJ:
XL9N0!�!�7,�/1'-*891Z 7 �>W�� � : 7 �7W�� � :$#:9�,	7 �>W&�+� :O*+9N0!��7 �7W�6�H :�K7*8�C?8,�%

J
ρw
ρ0w
sn ≈ Js

[
1−

1

3Ks

ITD

(
ε+

uw
3Ks

I

)
+
uw
Kw

]
− s−+sn+ uw(1− n

0)

(
s2

Ks

−
s

Kw

)

7 �7W�6 ��:
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35*&� �C�!�-9h0T*8#&0T*+9�Z 7 �>W�6���:$#&9�,49��-Z:?8�-'Q0T*+9�Z2%Jku#:?+? �N/`#:9h0T*+0!*8�C%�'-��k(U`#:�J�-,���*+0T��/�9�*r0cK � 9�#:?8?rKuZ�*r6��-%

d

(
J
ρw
ρ0w
sn

)
≈

(
−sJ

1

3Ks

ITD + sJIT
)
dε+

[
ds

duw
(J − 1 + n0) + (1− n0)

(
s2

Ks

−
s

Kw

)
+

sJ

Kw

−
sJ

9K2
s

ITDI

]
duw

7 �7W�6�� :

�����S%J�-'C��9�,B,�*�� �-�J�-9h0T* #�0T�-,Y0!�-�Jk�#:9�0!���z�!*+Z��N0��`#:91,B%J*8,��{*89 7 �>W54�� :O*8%��Q6&#:?+/`#&0!�-,B#:%

d

[
Jks

(
B
)T
k

(
∂uw
∂x
− ρww

)]
= Jks

(
B
)T
k

(
∂uw
∂x
− ρww

)
ITdε+

J
dks
ds

ds

duw

(
B
)T
k

(
∂uw
∂x
− ρwg

)
duw + Jks

(
B
)T
k
∂duw
∂x

7 �7W�6 �J:
�����5�
	>U��!�C%!%!*+��9v;w���

dψ2(a, uw)
*+%���m10T#:*89��C,umNK(*89N0!�!�7,�/1'-*891Z 7 �>W�6"� :j#:9�,37 �>W�6��J:\*89N0!� 7 �>W 4 � :j#:9�,

9��CZ�?8�C'C0!*89�Z2%Jku#&?8? 0!�-�!k(%-M10T��*+%�Z�*+6��C%

∫

V

[
−

s

3Ks

(
N
)T
(I)T D + s

(
N
)T
(I)T

]
dε+

[
ds

duw

(
1−

1− n0

J

)
+
1− n0

J

s2

Ks

+

(
1− n0

J

s

Kw

+
s

Kw

)]
Nduw+

[
−

s

9K2
s

(
N
)T
(I)T DI +

∆t

ρ0wg

dks
ds

ds

duw

(
B
)T
k

(
∂uw
∂x
− ρwg

)]
duw + ks

(
B
)T
k
∂duw
∂x

dV
7 �7W�6
4H:
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∫
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{
F = F0 + F0 sin(2πft)
M =M0 +M0 sin(2πft)
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ε33 = 7.2 · 10−4

ε33 = 5.4 · 10−4

ε33 = 3.6 · 10−4

ε33 = 1.8 · 10−4
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2.0 · 10−6

1.5 · 10−6

1.0 · 10−6

0.5 · 10−6

# ���'� # 	��!����%'���  � #�� � �

�R*8Z:/��!� �1W ���x@�#:Z�91*+0T/1,��z�:; !`/�*+,�!�� � ;w����,�*�� �-�J�-9h0^;w�J� �N/��-91'-*8�C%



����������� � 
�������� � � ����� ��� � � 4 �

� %j')#:9EmV�^%!�-�C9u*89 �R*8Z1W�1W �{0T���C�!�I*+%x#z?8*+9��)#&�\�J�-? #�0T*8�:92mV�Q0c���-�C9u0T�1�IkE#:Z�9�*r0T/�,1���:; 0T�1� !`/�*+, !`�f�
#:9�,�0T���z;w�J� �N/��-91'CK�W��`/��g0T���C�!k(���!�S#&�!�z0!���SkE#:Z�9�*r0T/�,1�{�:;p%g0T�!#:*89�%�;w���$0T���S,�*&� �C�!�C9N0I%!*+k�/1? #&0!*+�:9�%
�^*+0!��*89YU��hK>%J*8��?+��Z�*+')#:? 'C���!�J�-'C0^6&#:?+/��C%�� 4��
�����{,1*8�!�C'C0!*8��9u�:;q0T����!`/�*+,#!�� � ;w���O,�*�� �-�J�-9h0�%g0_#:Z��C%��&;G0T�1�{U1/�?8%!#&0T*+9�Za?8�h#&,�*89�Zl'QK>'C?8�=*8%OZ�*r6��-9v*89
�R*+Z�W �1W �

Step: Step-1   Frame: 1  
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Step: Step-1   Frame: 6  
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Step: Step-1   Frame: 16 
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Step: Step-1   Frame: 20 
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ε33 =

1.8 · 10−4
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