
THE FINITE ELEMENT METHOD 2011Dept. of Solid Me
hani
s, FHL064FINAL EXAMINATION: 2011-06-03A maximum of 60 points 
an be a
hieved in this examination. To pass at least 30 points arerequired.Permitted aid: Po
ket 
al
ulator.Problem 1: (12p)
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Figure 1: Mesh 
onsisting of four 3-node plane elements.The Lapla
e equation
div(∇φ) = 0should be solved using the �nite element method in a square region with 
orners lo
ated at

(0, 0), (1, 0), (1, 1) and (0, 1).a) Derive the weak form.b) Derive the FE-formulation
) Derive the sti�ness matrix for the mesh depi
ted above.
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Problem 2: (10p)The �nite element formulation for two dimensional heat 
ondu
tion takes the form:








∫

A
BT DBdA

︸ ︷︷ ︸

K

+

∫

Lc

αNT NdL
︸ ︷︷ ︸

˜K









a =

∫

Lc

NT αT∞dL
︸ ︷︷ ︸

f c

−
∫

Lg

NT qndL −
∫

Lh

NT hdL
︸ ︷︷ ︸

f b

+

∫

A
NT QdA

︸ ︷︷ ︸

f lwhere Lc is the boundary where 
onve
tion applies, Lh is the boundary where the heat �owis pres
ribed and Lg is the boundary where the temperature is pres
ribed.
1 234 5 67 8 9

⋆
Q1

⋆
Q2

x

y

Figure 2: Mesh 
onsisting of two four node elements and four three node elements.The boundary 
onditions for the problem is given belowPres
ribed temperature along node 1-2, i.e. T = aPres
ribed heat �ow along 2-5-6-9, i.e. qn = h 6= 0Insulation 9-8-7, i.e. qn = 0Conve
tion along 7-4-1, i.e. qn = α(T − T∞)Moreover, heat is supplied via the two point sour
es Q1 and Q2.In the system of equations below markx � 
omponents that are known and di�erent from zero? � 
omponents that are unknown and di�erent from zeroall blank positions are interpreted as zero.
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Problem 3: (10p) Node 1F = [1 1]T

3a
t0 = 1

a
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x
y

Figure 3: Mesh 
onsisting of 16-node plane elements. For simpli
ity, only three elements aredepi
ted.The size of ea
h element is 3a×3a and the nodes are lo
ated at equal distan
e. In a stru
turalanalysis the boundary for
e ve
tor is given by
f b =

∫

L

NT tdLwhere the ti
kness was assumed to be 1. Cal
ulate the 
ontribution from the distributed for
e
t0 and the point load F to node 1, i.e. fb1x and fb1y. The point load F is applied at andistan
e a/2 from node 1.
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Problem 4: (10p)The element sti�ness relation in a one dimensional di�usion problem takes the following form
Ke =

∫ b

a
BeT k(x)Bedxwhere Be = d

dx
(N e).

xy 2 4 6 81 2 3 4Figure 4: Finite element dis
retizationThe di�usivity, k(x) is given by
x

k(x)321 2 4 6 8Figure 5: Variation of the di�usivityUse (two point) gauss integration to 
al
ulate the element sti�ness matrix for element 1, i.e.the element that extends from x = 2 to x = 4.Hint: Estimate the 
ondu
tuvity, k(x) from the graph.
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Problem 5: (8p)The governing equations for a Bernoulli beam is given by
d2M

dx2
+ q = 0 , M = −EI

d2w

dx2where q denotes the load intensity (positive in z-dire
tion). Note that the equilibrium equationis derived from the following relations
dM

dx
= V ,

dV

dx
= −qa) Derive the weak form of the governing equation, and spe
ify the essential and naturalboundary 
onditions.b) Derive the FE-formulation for the problem, su
h that a symmetri
 sti�ness matrix is ob-tained.

5



Problem 6: (10p)Consider the one dimensional di�erential equation
u′′ + u + x = 0along with the boundary 
onditions u(0) = u(1) = 0. To �nd an approximative solution tothe di�erential equation, the following approximation is used
uapp = a1sin(πx) + a2x(x − 1)Use the weighted residual method ∫

1

0
v · edx = 0 with the Galerkin method to obtain anapproximative solution. v and e are the weight fun
tion and the residual, respe
tively.Some useful integrals

∫
1

0

sin(πx)dx = 0.63662,

∫
1

0

sin2(πx)dx = 0.50000

∫
1

0

xsin(πx)dx = 0.31831,

∫
1

0

xsin2(πx)dx = 0.25000

∫
1

0

x2sin(πx)dx = 0.18930,

∫
1

0

x2sin2(πx)dx = 0.14134

∫
1

0

xkdx = 1/(k + 1), (k 6= −1)
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Some hints that might be helpfulHint: Green-Gauss's theorem states:
∫

A
φdivqdA =

∮

L

φqT ndL −
∫

A
(∇φ)T qdAHint: Some trigonometri
 relations:

sin(α)2 + cos(α)2 = 1

sin(α + β) = sin(α) cos(β) + cos(α) sin(β), cos(α + β) = cos(α) cos(β) − sin(α) sin(β)

sin2(α) =
1 − cos(2α)

2
, cos2(α) =

1 + cos(2α)

2

sin(2α) = 2 sin(α) cos(α), tan(2α) =
2 tan(α)

1 − tan2(α)Hint: A quadrati
 matrix is positive semide�nite if
aT Ka ≥ 0, ∀a, and aT Ka = 0 for some a 6= 0Hint: The interpolation formula of Lagrange is given by

ln−1

k =
(x − x1).....(x − xk−1)(x − xk+1).....(x − xn)

(xk − x1).....(xk − xk−1)(xk − xk+1).....(xk − xn)Hint: Fourier's law is given by q = −D∇THint:
h

V=

A

3
h A

Hint: The position, ξi, of the integration points and weights, Hi, for n number of integrationpoints 
an be found from n ξi Hi1 0 22 ±1/
√

3 1where integration from −1 to 1 is assumed.Hint:

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


1 0 0
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1 c d
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
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−1

=
1

ad − bc






(ad − bc) 0 0
−d + b d −b
c − a −c a




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