
THE FINITE ELEMENT METHOD 2014

Dept. of Solid Me
hani
s

FINAL EXAMINATION: 2014-05-31

A maximum of 60 points 
an be a
hieved in this examination. To pass at

least 30 points are required.

Permitted aid: Po
ket 
al
ulator.

Problem 1 : (5p)

The governing equation for a spring system takes the following form
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where u1, u2 and u3 are the nodal displa
ement and F1, F2 and F3 are the

external for
es a
ting at the nodal points. Note that no boundary 
onditions

have been introdu
ed.

a) Solve the system for the boundary 
onditions u1 = 1, F2 = 2 and

F3 = 3.

b) Based on physi
al arguments, explain why the system above 
an not

be solved before any displa
ement boundary 
onditions are imposed.

Problem 2 : (5p)

A �nite element formulation of the heat 
ondu
tion problem div(q) = Q
results in the load ve
tor

f =

∫

V
NTQdV −

∫

S
NT qndS

where qn = qTn. Show that Σi(f)i = 0.
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Problem 3 : (12p)

1m

fb,3x

fb,3y
r

Consider the water 
hannel depi
ted above. The stresses arising from the

water pressure should be analyzed using the �nite element method. One

step in the �nite element pro
edure 
onsists of 
al
ulation of the ve
tor f b

due to the boundary for
es.

Determine the x-
omponent of the boundary ve
tor in node 3, i.e. fb,3x.
The x-axis is taken to be parallel with the horizontal axis. The 
ir
ular

shape boundary of the 
hannel is split into 9 triangular 3-node elements.

Ea
h element 
orresponds to 20o of the 
ir
le shape and the radius, r, of the

hannel is 15m. Moreover, the water level in the 
hannel is 1m below the

edge. The thi
kness, t, of the 
hannel is 1m. The pressure, p, is given by

p = ρgh where and ρ and g are known. The depth is given by h and please

note that the pressure is a
ting perpendi
ular to the surfa
e.

Hint. The boundary for
e term is de�ned by f b =
∫

L
tNT tdL.
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Problem 4 : (6p)
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A temperature problem is to be analysed using iso-parametri
 elements and

the approximation for the temperature �eld within an element is given by

T (ξ, η) = N e(ξ, η)ae

and the sti�ness matrix is given by

Ke =

∫

A
BTDBdA; D = kI; B =
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• How are the 
oordinates interpolated in an isoparametri
 element ?

• Show how the element sti�ness matrix 
an be evaluated over the parent

domain.

Hint: The following relation holds
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∫
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Problem 5 : (12p)

The 
lassi
al problem - a parti
le in a 2-dim box - is des
ribed by the time

independent S
hrödinger equation

h̄

2m
div(∇ψ)− Eψ = 0

where ψ is the wavefun
tion, h̄ is the Plan
k-
onstant, m is the mass of the

parti
le and E is the total (
onstant) energy in the system. The boundary


onditions are given by

ψ=0

ψ=0

ψ=0

ψ=0

y

L

x

L

symmetry
lines

Determine the weak form as well as the FE-formulation asso
iated with the

problem. Use the symmetry shown in the �gure and de�ne the natural and

essential boundary 
onditions.

Suggest a suitable (
ompleteness and 
ompatibility satis�ed) approximation

for the 4-node element shown in the �gure above. Moreover, determine if

any parasiti
 terms are present in the approximation.
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Problem 6 : (10p)

In the �nal examination of the 
ourse 'Endimensionell analys 2', 2011-12-19

the students were asked to 
al
ulate the following integal

∫

−1

−2

x+ 1

x2 + 4x+ 5
.

• Use three point Gauss's integration to evaluate this integral. Is the

numeri
al integration result exa
t ? Under what 
ir
umstan
es does

Gauss integration yield the exa
t result ?

• Explain the term redu
ed integration. Give two reasons why it is used.

• Explain the term spurious zero-energy modes.
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Problem 7 (FHLF01) : (10p)

The problem de�ned by

−div(∇T ) = Q over V

along with T = 0 over the boundary S is equivalent to the minimization

problem











J(T ) =

∫

V

1

2
(∇T )T ∇TdV −

∫

V
TQdV

T ∈
{

T ∈ C2(V )| T=0 on S
}

Use the Ritz method to establish a linear system that governs the approxi-

mative solution. You may assume that the n basis fun
tions ϕn are known.

Problem 7 (FHL064) : (10p)

u1 u3

u2 u4

For a beam of length a the interpolation for the displa
ement is given by

w = N e
1u1 +N e

2u2 +N e
3u3 +N e

4u4

a) Sket
h the shape fun
tions

b) Indi
ate in all sket
hes if the shape fun
tion or slope of the shape

fun
tion has the value 1 at the nodal points.
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Some hints that might be helpful

Hint: Green-Gauss's theorem states:

∫

A
φ divqdA =

∮

L

φqTndL −
∫

A
(∇φ)T qdA

Hint: The strain 
omponents are de�ned as

ǫxx =
∂ux
∂x

, ǫxx =
∂uy
∂y

, ǫzz =
∂uz
∂z

and

γxy =
∂ux
∂y

+
∂uy
∂x

, γxz =
∂ux
∂z

+
∂uz
∂x

, γyz =
∂uz
∂y

+
∂uy
∂z

,

Hint: A quadrati
 matrix is positive semide�nite if

aTKa ≥ 0, ∀a, and aTKa = 0 for some a 6= 0

Hint: The interpolation formula of Lagrange is given by

ln−1

k =
(x− x1).....(x − xk−1)(x− xk+1).....(x − xn)

(xk − x1).....(xk − xk−1)(xk − xk+1).....(xk − xn)

Hint: Fourier's law is given by q = −D∇T
Hint: Hooke's law for thermo-elasti
ity is given by σ = D (ǫ− ǫo)
Hint:

h
V=

A

3
h A

Hint: The position, ξi, of the integration points and weights, Hi, for n
number of integration points 
an be found from

n ξi Hi

1 0 2

2 −1/
√
3, 1/

√
3 1,1

3 0 ,

√

3/5, −
√

3/5 8/9, 5/9 , 5/9
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where integration from −1 to 1 is assumed.

Hint:
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