
FINITE ELEMENT METHOD FHL064SOLUTIONS TO THE FINALE EXAMINATION: 2011-06-03Problem 1The Lapla
e equation:
div(∇φ) = 0a) The weak form:

∫

A

(∇v)T
∇φdA−

∮

L

v(∇φ)TndL = 0b) The FE-formulation:Use the approximation: φ = Na, ∇φ = Ba with the Galerkin method: v =
Nc = cTNT , ∇v = Bc = cTBT where c is arbitrary.

∫

A

BTBdAa−

∮

L

NT (∇φ)TndL = 0
) The sti�ness matrix
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Figure 1: MeshUsing the symmetry it is su�
ient to 
al
ulate the sti�ness matrix for onetriangular element. To 
al
ulate the gradient of the shape fun
tions B see thebook at page: 118 - 125 . For element 1 we have:
Be =

[
−1 1 0
−1 −1 2

]whi
h results in the sti�ness matrix: 1



Ke =

∫

A

BeTBedA = BeTBeA = 0.5





1 0 −1
0 1 −1
−1 −1 2



Using the edof-matrix:
edof =







1 1 2 3
2 2 4 3
3 4 5 3
4 5 1 3





results in the global sti�ness matrix:

K =









1 0 −1 0 0
0 1 −1 0 0
−1 −1 4 −1 −1
0 0 −1 1 0
0 0 −1 0 1
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K K̃ a fl fb fcProblem 3
[
fb1x

fb1y

]

=

∫ 3a

0

[
N1 0
0 N1

]

tdLAlong the boundary, the shape fun
tion N1 redu
es to a 
ubi
 polynomial:
N1 =

x(x− a)(x − 2a)

6a3

[
fb1x

fb1y

]

=

∫ a

0

[
N1 0
0 N1

] [
0
1
a

]

dx+

∫ 3a

0

[
N1 0
0 N1

] [
δ(2.5a)
δ(2.5a)

]

dx2
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Figure 2: Shape fun
tion N1 along the boundary
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Problem 4For a two node element the gradient of the shape fun
tions is given by:
B =

1

L

[
−1 1

]
=

1

2

[
−1 1

]then the sti�ness matrix for the element is:
K =

1

4

[
−1
1

]
[
−1 1

]
∫ 4

2

k(x)dx =
1

4

[
1 −1
−1 1

] ∫ 4

2

k(x)dxUse of the following mapping ξ(x) = x − 3 from the x− to the ξ− domain
x = 2 x = 4 ξ = −1 ξ = 1
b b b bFigure 3: Illustration of mapping from x− to ξ− domainresults in

∫ 4

2

k(x)dx =

∫ 1

−1

k(ξ)
dx

dξ
dξ =

∫ 1

−1

k(ξ)dξ ≈

n=2∑

i=1

k(ξi)Hi

H1 = 1, ξ1 = 0.577 ⇒ x1 = 3.577 ⇒ k(3.577) ≈ 3.2

H2 = 1, ξ2 = −0.577 ⇒ x2 = 2.423 ⇒ k(2.423) ≈ 1.2

K = 1.1

[
1 −1
−1 1

]
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Problem 5a)
d2M

dx2
+ q = 0

∫

v
d2M

dx2
dx +

∫

vqdx = 0

∫
dv

dx

dM

dx
dx = [v

dM

dx
] +

∫

vqdx

∫
d2v

dx2
Mdx = [

dv

dx
M ] − [v

dM

dx
] −

∫

vqdx

M, V are natural boundary 
onditions and w, dw
dx

are essential boundary 
on-ditionsb)
w = Na,

d2w

dx2
= Ba, v = Nc,

d2v

dx2
= Bc

∫

BTEIBdxa = [NTV ] − [
dNT

dx
M ] +

∫

NT qdxProblem 6
d2u

dx2
+ u+ x = 0

⇒

L(•) =
d2(•)

dx2
+ (•)

g(x) = x

e = L(uapp) + g

uapp = ψa =
[

sinπx x(x − 1)
]
[
a1

a2

]Galerkin method:
V = ψc4



∫ 1

0

vedx = cT

∫ 1

0

ψ
T edx = 0, c is arbitrary ⇒

∫ 1

0

ψ
T edx = 0





∫ 1

0 ψ1L(ψ1)dx
∫ 1

0 ψ1L(ψ2)dx

∫ 2

0 ψ2L(ψ1)dx
∫ 1

0 ψ2L(ψ2)dx









a1

a2



 =





−

∫ 1

0 ψ1gdx

−

∫ 1

0 ψ2gdx





[
−4.4348 1.1442
1.1442 −0.3

] [
a1

a2

]

=

[
−0.3183
0.0833

]

[
a1

a2

]

=

[
0.0066
−0.2525

]
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