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Problem 1 :

a) Multiply

−γρ̇ = ρ+ γdiv(∇ρ)− λ

by a s
alar weight fun
tion, v, and integrate over the domain, V . Use
Green-Gauss theorem on the divergen
e term. Split the boundary into

S = Sc + Sh. The result is:

−

∫

V

vγρ̇dV =

∫

V

vρdV−

∫

V

γ (∇v)T ∇ρdV+

∫

Sc

v(1+ρ)dS−

∫

V

vλdV

b) Use of the interpolation, ρ = Nρ yields ρ̇ = Nρ̇ and ∇ρ = Bρ.

The weight fun
tion, v, is 
hosen as v = Nc whi
h yields ∇c = Bc.

Insertion into the weak form results in

∫

V

γBTBdV ρ−

∫

V

NTNdV ρ−

∫

V

NTγNdV ρ̇−

∫

Sc

NTNρdS =

∫

Sc

NTdS−

∫

V

NTλdV
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Problem 2 :

The 
ontribution to node 1 is given as

{f b}1 =

∫

L

N1tdL =

∫

Lright

NtdL+

∫

Lleft

N1tdL = [symmetry] = 2

∫

Lright

N1tdL

In the element lo
ated to the right, the shape fun
tion asso
iated with node

1 
an be expressed as N e
1 = (a− η)(2a − η)(3a − η)/(6a3)

2

∫

Lright

N1tdL = 2

∫

3a

0

N1tdη = 2

∫

1

−1

N1t
dη

dξ
dξ =

2

(

(

N1t
dη

dξ

)

ξ=−0.57

+

(

N1t
dη

dξ

)

ξ=0.57

)

= 2

(

N1t
dη

dξ

)

ξ=−0.57

Sin
e ξ = −1 + 2η
3a
, we have that

dη
dξ

= 3a
2
and η(ξ = −0.57) = 3a

2
0.43.

2

(

N1t
dη

dξ

)

ξ=−0.57

= 3a[b c]T (a−
3a

2
0.43)(2a−

3a

2
0.43)(3a−

3a

2
0.43)/(6a3)

Problem 3

a) Premultiply and postmultiply K + K̃ by aT
and a, respe
tively. Identi-

fying Na = T and Ba = ∇T reveals that aT (K + K̃)a > 0 for α > 0.

b) An example of an approximation is T = α1 + α2x+ α3y + α4z + α5xy +
α6xz+α7yz+α8xyz. Show that the approximation satis�es the 
onvergen
e


riterion, i.e. 
ompleteness+
ompatibility requirements. See page 91-94.
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Problem 4

The displa
ement, u, is dis
retized as

u(x, y) = N(x, y)a (1)

where N and a are the shape fun
tions and nodal values asso
iated with

the me
hani
al problem. The total strain is

ε = ∇̃u = ∇̃N (x, y)a = Ba where ∇̃ =















∂

∂x
0

0
∂

∂y
∂

∂y

∂

∂x















(2)

The stress is 
al
ulated using Hooke's law, i.e.

σ = Dεe = D(ε− ε0) = D(ε− α∆T (x, y)
[

1 1 0
]T

)

The temperature di�eren
e is ∆T = T (x, y)− T0, where T0 is the stress free
temperature and the 
urrent temperature, T , is dis
retized as

T (x, y) = N 0a0

where N 0
and a0

are the shape fun
tions and nodal values asso
iated with

the temperature problem.
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Problem 5

K =

























































x x x x x x x x x

x x x x x x x x x

x x x x x x x x x x x x x x x

x x x x x x x x x

x x x x x x x x x

x x x x x x x x x

x x x x x x x x x

x x x x x x x x x x x x x x x

x x x x x x x x x

x x x x x x x x x

x x x x x x x x x

x x x x x x x x x

x x x x x x x x x x x x x x x

x x x x x x x x x

x x x x x x x x x

























































K̃ =

























































x x x

x x x

x x x x x

x x x

x x x
























































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a =

























































x

x

x

x

x

?

?

?

?

?

?

?

?

?

?

























































f l =

























































x

x

x

x

x

x

x

x

x

























































f b =

























































?

?

?

?

?

x

x

x

x

























































f c =

























































x

x

x

x

x

























































Problem 6 FHLF01

a)

One possible ansatz with the unknowns a1 and a2 whi
h ful�ls the boundary


onditions is,

ψ =
(

sin(πx) sin(πy)
)

a1 +
(

sin(2πx) sin(2πy)
)

a2

This 
an also be written as

ψ = [sin(πx) sin(πy), sin(2πx) sin(2πy)]

[

a1
a2

]

= [N1, N2]

[

a1
a2

]

= Na

b)

De�ne
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B = ∇N =





dN1

dx
, dN2

dx

dN1

dy
, dN2

dy





Stationarity of the fun
tional then provides

d

dǫ
Π(a + ǫc)

∣

∣

ǫ=0
=

d
dǫ

(∫

Ω

1

2
(a+ ǫc)TBTB)(a + ǫc)− (a+ ǫc)TNT [2(x+ y)− 4]dV

)
∣

∣

ǫ=0
=

cT
((∫

Ω
BTBdV

)

a−
∫

Ω
NT [2(x+ y)− 4]dV

)

Sin
e this expression should be true for arbitrary variations c, then the

following equation holds,

Ka = f

where

K =

∫

Ω

BTBdV f =

∫

Ω

NT [2(x+ y)− 4]dV

Problem 6 (FHL064) : (10p)

See Chapter 17 in Ottosen.
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