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Computational Inelasti
ity FHLN05Assignment 2 2011General instru
tionsThe written report should be returned to the Division of Solid Me
hani
s no later than24/10 2011 at 10.00.The assignment serves as a part exam. A maximum of 20 points 
an be obtained. The task
an be solved individually or two persons 
an 
ollaborate. If two persons work togetherthey will obtain the same amount of points. The task is, a 
al
ulation of the nonlinearinelasti
 response of a simple stru
ture. To solve the problem the CALFEM-toolbox shouldbe used. In CALFEM, 
ertain general FE-routines are already established and the task isto establish the extra routines needed to solve the boundary value problem.The report should be 
lear and well-stru
tured and 
ontain a des
ription of the problem, aswell as the solution pro
edure that is needed and the results from the 
al
ulations in formof illustrative �gures and tables. The program 
ode should be in
luded as an appendix. Itshould be su�
ient with a maximum of 15 pages, appendix ex
luded.In the text it 
an be assumed that the reader posses a basi
 knowledge in Solid Me
hani
s.The reader 
an also be assumed to have a knowledge of the problem des
ription but it hasbeen a while sin
e he/she dealt with this type of analysis.After reading the report, the reader should be able to reprodu
e the results just by read-ing through the report, i.e. without using the in
luded program. This implies that allderivations of ne
essary quantities su
h as sti�ness tensor of the material et
. should bepresented in some detail.
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Problem des
riptionA plate with 
ra
k in the middle will be analyzed using the �nite element method. A �gureof the plate is found below.a)
2a
2w

2h
b)

a w-a
h
uy

Figure 1: a) Entire plate with a 
ra
k in the middle. b) One quarter of the plate, showingthe boundary 
onditions. Dimensions: w = 200 mm, h = 350 mm and a = 50 mm.Due to symmetry, it is enough to 
onsider one quarter of the plate. The plate will be pulledat the top a total distan
e of 1.5 mm. The plate is made out of steel and is assumed toobey plane stress 
onditions, i.e σ33 = σ13 = σ23 = 0. The elasti
 response is assumed tobe linear isotropi
 and follow Hooke's law
σ = D

∗

εwhere σ = [σ11, σ22, σ12]
T and ε = [ε11, ε22, 2ε12]

T are the stresses and strains respe
tively.The matrix D
∗ is Hooke's matrix for plane stress (eq.(4.112) in the 
ourse book). Theelasti
 modulus of the material is E = 200 GPa and the Poisson's ratio is ν = 0.3. Thethi
kness of the plate is 2 mm. For the plasti
 loading, it is assumed that the material 
anbe modelled a von Mises yield fun
tion and isotropi
 hardening. The internal variable forthe hardening is given by ǫ̇

p
eff =

√

2
3
ǫ̇
p
ij ǫ̇

p
ij = λ̇. The yield stress is given by the format

σy = σy0 +K∞

(

1− e−
h

K∞

ǫ
p

eff

)where the parameters σy0 = 600 MPa, K∞ = 200 MPa and h = 20000 MPa.2



Instru
tionsThe task is to perform a 
al
ulation of the nonlinear response of the given stru
ture. Tosolve the problem the CALFEM-toolbox should be used. In CALFEM, 
ertain generalFE-routines are already established and the task is to establish the extra routines neededto solve the nonlinear elasti
 boundary value problem.The geometry for the problem is given in the two �les geomCra
kedPlateC.mat, 
ontain-ing a 
oarse mesh, and geomCra
kedPlateF.mat 
ontaining a �ne mesh. Both �les areavailable on the 
ourse homepage. Use the 
oarse mesh when developing the program.Three node linear triangle elements are used in the �nite element 
al
ulations. In the
al
ulations plane stress 
onditions are assumed, whi
h is 
loser to the real physi
al loadingsituation than plane strain 
onditions.For the global equilibrium loop a Newton-Raphson s
heme should be implemented. For theintegration of the elasto-plasti
 
onstitutive laws the radial return method should be used.Routines should be established that 
al
ulates the stresss and the algorithmi
 tangentsti�ness matrix D
ats.The report should 
ontain a detailed derivation of the numeri
al integration for the isotropi
hardening and how the D

ats matrix is established.In addition to des
ribed theory and ne
essary derivations as well as the des
ription of thenumeri
al implemention the following results should be provideda) Plot of the stress distribution of the plate.b) Plot of the global response during displa
ement 
ontrolled loading; total for
e versusdispla
ement.
) Identi�
ation of the area where plasti
 yielding �rst o

urs and how the plasti
 areaevolves with further loading (keep tra
k of whi
h elements have developed plasti
strains).d) Plot of the evolving e�e
tive stress in an element 
lose to the 
ra
k tip (sele
t one andindi
ate in a �gure its lo
ation).Note that it is possible to use a modi�ed Newton-Raphson s
heme to solve the problem,however, then it is not possible obtain the maximum number of points for the assignment.3



Hints:1.) From f = 0 the following 
an be obtained
(σt

11 + σt
22)

2

(2 + ∆λE
(1−ν)σy

)2
+

3(σt
11 − σt

22)
2 + 12(σt

12)
2

(2 + 3∆λE
(1+ν)σy

)2
− σ2

y = 0This 
an be used to �nd the quantity ∆λ.2.) Sin
e plane stress is assumed, some 
are needs to be taken to ensure f = 0 during plasti
loading in the radial return algorithm. In order to simplify the integration algorithm, thevon Mises yield 
ondition for plane stress 
an be written as (verify this!)
f =

√

3

2
σTPσ − σywhere P is a matrix whi
h maps the stresses σ to the deviatori
 stresses given by s =

[s11, s22, 2s12]
T , i.e s = Pσ. The matrix P is given by

P =
1

3







2 −1 0
−1 2 0
0 0 6





3.) To plot the stress distriubtion, the stresses needs to be interpolated to the nodes. This
an be done in the following manner:for i=1:size(
oord,1)[
0,
1℄=find(Elements(:,2:4)==i);Seff_nod(i,1)=sum(Seff_el(
0))/size(
0,1);endwhere Se�_nod and Se�_el is the von Mises e�e
tive stress at the nodal points and inthe elements, respe
tively. The matrix Elements 
ontains the nodal 
one
tivity and isin
luded in the supplied geometry �les.Good lu
k! 4


