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MATRIX NOTATION

a = 2664 a1a2a3
3775 b = 2664 b1b2b3
3775 aT = [a1 a2 a3℄

s
alar produ
taT b = [a1 a2 a3℄2664 b1b2b3
3775 = a1b1 + a2b2 + a3b3

jaj = (aTa)1=2 = length of a

B = 2664 B11 B12 B13B21 B22 B23B31 B32 B33
3775 symmetri
 matrix ifBT = B

Unit matrix, for instan
e I = " 1 00 1 #

Inverse of B ! B�1 (requires detB 6= 0)B�1B = I BB�1 = I(AB)T = BTAT (AB)�1 = B�1A�1
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CARTESIAN COORDINATE SYSTEM
x21

x3
1

x1 1

� Orthogonal� Re
tangular (
oordinate axes are straightlines)� Unit length = unit along all 
oordinate axes

) Cartesian 
oordinate system(Des
artes, 1596-1650)
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INDEX NOTATION� Index notation advantageous when derivingtheory� Matrix notation advantageous when it 
omesto numeri
al appli
ations (FE-method, forinstan
e)x; y; x ! x1; x2; x3 ! xi i = 1; 2; 3Relation with the matrix notation

[xi℄ = 2664 x1x2x3
3775 [ai℄ = 2664 a1a2a3
3775

Rules for indi
esAn index 
an be 8<: free, i.e. appearing only on
edummy, i.e. it is repeatedSummation 
onvention:dummy index (i.e. repeated index)) summation over this index
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KRONECKER'S DELTA

Æij = 8<: 1 i = j0 i 6= j

) [Æij ℄ = 2664 1 0 00 1 00 0 1
3775 i.e. [Æij ℄ = I

BijÆjk = Bi1Æ1k +Bi2Æ2k +Bi3Æ3k(summation 
onvention)Choosei = k = 1 ) B11Æ11 +B12 6Æ21 +B13 6Æ31 = B11i = 1; k = 2 ) B11 6Æ12 +B12Æ22 +B13 6Æ32 = B12i = 1; k = 3 ) B11 6Æ13 +B12 6Æ23 +B13Æ33 = B13...) BijÆjk = Bik(Æjk is zero unless i = k)
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TENSORSA tensor is a quantity that 
hanges in aspe
i�
 (simple) manner when the 
oordi-nate system is 
hanged

Only Cartesian 
oordinate systems) only Cartesian tensors
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COORDINATE TRANSFORMATIONSTranslation P
x2

x3
x1


i x02
x03

x01

Coordinates xi andx0i of point Pxi = x0i + 
i) x0i = xi � 
iRotation
x2

x3
x1 x02

x03
x01

Coordinates of point Px01 = A11x1+A12x2+A13x3x02 = A21x1+A22x2+A23x3x03 = A31x1+A32x2+A33x3) x0i = Aij|{z}xjtransformation matrixTranslation and rotation
x2

x3
x1


i x02
x03

x01
)x0i = Aij(xj� 
j)
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PROPERTIES OF TRANSFORMATION MATRIXTranslation and rotation x0i = Aij(xj � 
j)

x2
x3

x1 x02
x03

x01
Pxi Qxi + dxids (in
remental distan
e)

ds2 = dxidxi = dxjdxj = Æijdxidxj (1)Assumption: length is an invariant (i.e. indepen-dent on 
oordinate system)) ds2 = ds02 = dx0idx0iBut dx0i = Aijdxjds2 = AijdxjAikdxk (2)(2)-(1) (AijAik � Æjk) dxjdxk| {z } = 0arbitrary) AijAik = Æjk or ATA = IA is an orthogonal matrix AT = A�1) AAT = I or AikAjk = Æij Div. of Solid Me
hani
s, Lund University

DETERMINATION OF TRANSFORMATIONMATRIXRotation of 
oordinate system:
x2

x3
x1 x02

x03
x01 e02e

03e01 x = ATx0

e01, e02 e03 = unit ve
tors along the x01-, x02- andx03- axis.The 
omponents are measured in the old xi-
oordinate system
e01 = 2664 e11e12e13

3775 e02 = 2664 e21e22e23
3775 e03 = 2664 e31e32e33
3775Examples: e11 = 
os(x01x1); e12 = 
os(x01x2)We haveAT = [e01 e02 e03℄ = 2664 e11 e21 e31e12 e22 e32e13 e23 e33

3775
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DEFINITION OF FIRST-ORDER TENSOR

x2
x3

x1
P Qfi A ve
tor has a length anddire
tion) fi = xQi �xPi is a ve
tor

In another 
oordinate systemf 0i = x0Qi � x0Pi x0i = Aij(xj � 
j)

) f 0i = AijfjDe�nition of �rst-order tensori.e. ve
torFor
e = ve
torVelo
ity of a parti
le vi = dxidt = _xiIn new 
oordinate system v0i = _x0i = Aij _xjvelo
ity = ve
tora

eleration = ve
tor Div. of Solid Me
hani
s, Lund University

DEFINITION OF ZERO-ORDER TENSORInvariant = s
alar = zero-order tensor = bsame value in all 
oordinate-systems

) b=b'De�nition of zero-order tensorExample = distan
e between two points
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WHY DO TENSORS ARISE NATURALLY INPHYSICS ?Newton's 2 law for a parti
leFi = mai (1)for
e mass a

eleration(ve
tor) (ve
tor)Assume: mass is an invariantIn another 
oordinate systemF 0i = m0 a0i = ma0i (2)(physi
s 
annot depend on our parti
ular 
hoi
e of
oordinate system)Assume (1) - multiply by Aji )AjiFi| {z } = m Ajiai| {z }F 0j a0j) F 0i = ma0i i.e. pre
isely (2)

If Fi and ai were not tensors then (2) wouldnot hold ! Div. of Solid Me
hani
s, Lund University

SECOND-ORDER TENSORSAssume the physi
al relationbi = Bij
j (1)where bi and 
j are tensors (ve
tors)In another 
oordinate system we expe
tb0i|{z} = B0ij 
0j|{z}Aikbk Ajs
sAitAik| {z } bk = AitB0ijAjs| {z } 
sÆtk| {z } Etsbti.e. bi = Eij
j (2)(1)-(2) (Bij �Eij) 
j|{z} = 0 ) Bij = EijarbitraryBij = AkiB0klAlj or B = ATB0ADe�nition of se
ond order tensorKrone
ker's delta = se
ond-order tensor Æij = Æ0ijIsotropi
 tensor, same value irrespe
tive of
oordinate system
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TENSORS CONT'DIf ui = ve
torthen �ui�xj = se
ond-order tensorAnalogouslyDijkl = AmiAnjD0mnpqApkAqlDe�nition of fourth-order tensorExample: linear elasti
ity�ij = Dijkl�kl Hooke's lawIf isotropi
 elasti
ityDijkl = 2G[ 12 (ÆikÆjl + ÆilÆjk) + �1� 2� ÆijÆkl℄Dijkl = D0ijkli.e. isotropi
 fourth-order tensor.
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COMMA CONVENTION - DEFINITIONDi�erentiation with respe
t to the 
oordinates then�f�xi = f;i�ai�xj = ai;j 
oordinate xi

�2f�xi�xj = f;ij�2ai�xj�xk = ai;jk
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PROPERTIES OF TENSORS

If a tensor is zero in one 
oordinate system,it is zero in all 
oordinate systemsExample:De�ne Di byDi = ��ij�xj + bi Di = tensorEquilibriumDi = 0D0i = AijDj ) D0i = 0If equilibrium in one 
oordinate system) we don't need to investigate equi-librium in other 
oordinate systems
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STRAIN TENSOR� Any displa
ement of a body = rigid-bodymotions + deformationsDeformations = 
hange of size and form ofthe body� We expe
t the internal for
es { i.e. thestresses { to depend on the deformationonly)We look for a quantity { the strain tensor {that only depend on the deformations
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Consider a material point:Position before def. xiPosition after def. x�i = xi + uiui = ui(xk; t)= displa
ement ve
tor(Lagrange des
ription)

x2
x3

x1 P P�ui
Q Q�

xi
xi + dxi

x�i
x�i + dx�i

ds dxi ds� dx�i

ds2 = dxkdxk = Æjkdxjdxkds�2 = dx�i dx�i = (Æjk+uk;j +uj;k+ui;jui;k)dxjdxkui;j = �ui�xj = displa
ement gradient)ds�2� ds2 = (uk;j +uj;k+ui;jui;k)dxjdxk
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We foundds�2 � ds2 = (ui;j + uj;i + uk;iuk;j)dxidxjDe�ne Eij = 12(ui;j + uj;i + uk;iuk;j)(Green)-Lagrange's strain tensorEij = Eji) ds�2 � ds2 = 2EijdxidxjAssume jui;j j << 1) Eij � �ij = 12(ui;j + uj;i)�ij = �ji; �ij << 1

�ij = small strain tensor
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PHYSICAL SIGNIFICANCEOF THE STRAIN TENSOR

P P�
Q Q�

xi
xi + dxi

x�i
x�i + dx�i

ds dxi ds� dx�i
ds�2 � ds2 = 2dxi�ijdxjDe�ne ni = dxids = unit ve
tor in dire
tion dxi) ds�2 � ds22ds2 = dxids �ij dxjds = ni�ijnjButds�2�ds22ds2 = (ds�+ds)(ds��ds)2ds2 � 2ds(ds��ds)2ds2 = ds��dsds� = ds� � dsds = relative elongation= normal strain) � = ni�ijnj Div. of Solid Me
hani
s, Lund University

Undeformed
dx(1)i

dx(2)ids(2)
ds(1)

Deformed
dx�(1)i

dx�(2)ids�(2)
ds�(1)

90Æ � 


dx(1)i dx(2)i = 0 orthogonality
os(90Æ � 
)| {z }sin 
 = dx�(1)ids�(1) dx�(2)ids�(2)x�i = xi + ui ) dx�i = dxi + duisin 
 = dx(1)kds�(1) dx(2)kds�(2)| {z }=0 +(uk;j + uj;k + ui;jui;k| {z }�0 ) dx�(1)jds�(1) dx�(2)kds�(2)Moreover, ds�(1) � ds(1), ds�(2) � ds(2)De�ne unit ve
tors n(1)i = dx(1)ids(1) , n(2)i = dx(2)ids(2)sin 
 = 2�kjn(1)j n(2)k
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Undeformed
nk

mj Deformed
90Æ � 


sin 
|{z}�
 = 2�kj n(1)j|{z}nj n(2)k|{z}mk
 = 2ni�ijmj
�nm = ni�ijmj
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From �nm = ni�ijmj�nn = ni�ijnjwhere nimi = 0, followMohr's 
ir
le's of strain
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CHANGE OF COORDINATE SYSTEMx0i = Aij(xj � 
j)new 
oordinatetransformation matrixold 
oordinate

Strain tensor�0ij = Aik�klAjl or �0 = A�AT

new 
omponents old 
omponents

�ij = Aki�0klAlj or � = AT �0A
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PRINCIPAL STRAINSPRINCIPAL DIRECTIONS�nn = ni�ijnj = nT �n�nm = mi�ijnj =mT �nDe�ne qi = �ijnj i.e. q = �n = ve
tor) �nn = nTq , �nm =mTq

nm q�nm
�nnSuppose that �nm = 0 ) q = �nEigenvalue problem�n = �n or �ijnj = �nieigenve
tor eigenvalue(�� �I)n = 0 ) det(�� �I) = 0Chara
teristi
 equation) ��3 + �1�2 � �2�+ �3 = 0
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PRINCIPAL STRAINSPRINCIPAL DIRECTIONS, CONT'DWe found (
hara
teristi
 equation)��3 + �1�2 � �2�+ �3 = 0where �1 = �ii�2 = 12�21 � 12 �ij�ij�3 = det(�ij)In another 
oordinate system x0i�01 = �0ii�0ij = Aik�klAjl ) �0ii = Aik�klAil = �kk) �01 = �1 invariant - independent on
oordinate system

Ækl

Likewise �2 and �3 are invariants�1; �2, �3 = strain invariants(Cau
hy invariants)the �-values = the prin
ipal strainare invariants

Div. of Solid Me
hani
s, Lund University
PRINCIPAL STRAINSPRINCIPAL DIRECTIONS, CONT'DWe have�nn = ni �niz }| {�ijnj (normal strain)�mn = mi �ijnj| {z }�ni (shear strain, mini = 0)

�nn = � nini = ��mn = � mini = 0 9=; physi
alinterpretation

Sin
e �ij is symmetri
� �1, �2, �3 are real (obvious!)� The three eigenve
tors ni (the prin
ipaldire
tions) are orthogonal
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PRINCIPAL STRAINSPRINCIPAL DIRECTIONS, CONT'DSin
e �nn = ��mn = 0 9=; ni = prin
ipal dire
t.and the prin
ipal dire
tions areorthogonal)We 
an 
hoose a 
oordinate system x0i with theaxes in prin
ipal dire
tionsIn this 
oordinate system

[�0ij ℄ = 2664 �1 0 00 �2 00 0 �3
3775
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PRINCIPAL STRAINSPRINCIPAL DIRECTIONS, CONT'DThe 
hara
teristi
 equation��3 + �1�2 � �2�+ �3 = 0where �1 = �ii�2 = 12�1 � 12 �ij�ij�3 = det(�ij)

9>>=>>; Cau
hy invariants

Other possibilities~I1 = �ii~I2 = 12 �ij�ij~I3 = 13 �ij�jk�ki
9>>=>>; "generi
" invariants

Their relation~I1 = �1~I2 = 12�21 � �2~I3 = 13�31 � �1�2 + �3
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CAYLEY-HAMILTON'S THEOREMFirst some de�nitions�2 = �� = �ik�kjIf det(�) 6= 0 then��2 = ��1��1�0 = I (x0 = 1)From the eigenvalue problem we have�n = �n�2n = �2n i.e. �2 = � �n|{z}�n...��n = ��n � = 0;�1;�2 : : :
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CAYLEY-HAMILTON'S THEOREM, CONT'DWe found��n = ��nand (
hara
teristi
 equation)��3 + �1�2 � �2�+ �3 = 0Multiply with n )��3n+ �1�2n� �2�n+ �3n = 0i.e. ��3n+ �1�2n� �2�n+ �3n = 0or (��3 + �1�2 � �2�+ �3I)n = 0This equations holds for the three eigenve
tors n1,n2, n3, i.e.(��3 + �1�2 � �2�+ �3I) [n1 n3 n3℄| {z }AT = 0

Post-multiplying by A ) ATA = I��3 + �1�2 � �2�+ �3I = 0matrix equation
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CAYLEY-HAMILTON'S THEOREM, CONT'DWe had (
hara
teristi
 equation)��3 + �1�2 � �2�+ �3 = 0We found��3 + �1�2 � �2�+ �3I = 0i.e. Cayley-Hamilton's therorem"the strain matrix satis�es itsown 
hara
teristi
 equation"

generalization�3+� = �1�2+� � �2�1+� + �3��
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DEVIATORIC STRAIN TENSORDe�ne eij = �ij � 13Æij�kkeij = deviatori
 strain tensor

It then follow thateij and �ij have identi
al prin
ipaldire
tions
eii = 0


