MATRIX NOTATION

al bl
T
a = as b= bo a = [a1 ao a3]
as b3

scalar product

b1

a’b=[a1 az as] | by | = aiby + azbs + asbs
bs

la| = (aTa)l/2 = length of a

Bi1  Biz Bis

symmetric matrix if
B = Ba1  Baz Bag Y

BT =B
Bs1  Bsza2 Bass
. . . 10
Unit matrix, for instance =
0o 1

Inverse of B — B~ ! (requires detB # 0)
B™'B=1 BB '=1I
(AB)T = BT AT (AB) '=B 'Aa!

CARTESTIAN COORDINATE SYSTEM

3

T2

e Orthogonal

e Rectangular (coordinate axes are straight

lines)

e Unit length = unit along all coordinate axes

Cartesian coordinate system

(Descartes, 1596-1650)
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INDEX NOTATION

e Index notation advantageous when deriving
theory

e Matrix notation advantageous when it comes

to numerical applications (FE-method, for

instance)

z,y,r — xi,T2,r3 — x; 1=1,2,3

Relation with the matrix notation

1 ai
[zi] = | 2 [ai]l = | a2
I3 as

Rules for indices

) free, i.e. appearing only once
An index can be

dummy, i.e. it is repeated

Summation convention:

dummy index (i.e. repeated index)

= summation over this index
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KRONECKER’S DELTA

1 1=7
5ij = ’
0 it
1 0 O
= [sl=10 1 0 iLe. [0i;]=1
0 0 1

B;;jdjk = Bi161k + Bi2dak + Bizdsk

(summation convention)

Choose
i=k=1 = Budu+ Bi2§b1 + Bi391 = Bui
i=1,k=2 = Buidz + Biadoz + Bisdhs = Bi>
i=1,k=3 = Buds+ Bi2jhs + Bi3dsz = Bis

Bijdjk = Bik

(6,5 is zero unless i = k)

Div. of Solid Mechanics, Lund University




TENSORS

A tensor is a quantity that changes in a

specific (simple) manner when the coordi-

nate system is changed

Only Cartesian coordinate systems

= only Cartesian tensors

COORDINATE TRANSFORMATIONS

Translation

8
o~

3

T =
'U

1

Rotation

3 x4

!
ZL‘1$1

Translation and rotation

1

Coordinates z; and
x; of point P

/
T, =X; + C;

’
= |T; =% — C;

Coordinates of point P

z] = A1z + A1awe + A1zs
xy = A2121 + Azaxo + Aszxs
x5 = Az1x1 + Ao + Aszrs

/
r; = Aij m;
~—~

transformation matrix

= Aij(zj —¢))
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PROPERTIES OF TRANSFORMATION MATRIX

Translation and rotation z; = A;;(z; — ¢;)

s A P Q
N m:(d\)' z; + dx;
S
el (incremental distance)

T1
d82 = d.’EZdLEZ = d.’L‘jdlL’j = 5”(1:171(156] (1)

: length is an invariant (i.e. indepen-
dent on coordinate system)
= ds® = ds'? = dr'daz)

But d.’E; = Aijdxj
d82 = Aijdachikdack (2)

(2)—(1) (A”Azk — 53k) dxjdack =0
N——

arbitrary

= | AijAix = 0j  Or ATA=1

A is an orthogonal matrix AT = A™!

= AAT =1 or AikAjk = 5@'

DETERMINATION OF TRANSFORMATION
MATRIX

Rotation of coordinate system:
3

A
:
'l xr = AT:D,

’«/'/ \).~"i
!
’/ 4P

!
11111,1

e}, e, e5 = unit vectors along the z}-, x5- and
T5- axis.
The components are measured in the old x;-

coordinate system

€11 €21 €31

/ /
€1 = | e12 €2 = | e22 €3 = | es32
€13 €23 €33

Examples: "e11 =vos(z121), €12” = cos(z]x2

We have

€11 €21 €31
T / / /
A" = [61 €5 63] = €12 €22 €32

€13 €23 €33
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DEFINITION OF FIRST-ORDER TENSOR

X3 Q

L3

A has a length and

L2 direction
= f; = 2% —zF is a vector

i J—

1

In another coordinate system

7 /!
fl=2,2—a" r; = Aij(xj — cj)
fi = Aij f;
= Definition of first-order tensor

1.e. vector

= vector

. dz; )

of a particle v; = d_tl = i

. / o/
In new coordinate system v; = ©; = Ai;T;

velocity = vector

acceleration = vector

DEFINITION OF ZERO-ORDER TENSOR
Invariant = scalar = zero-order tensor = b

same value in all coordinate-systems

b=Db’
Definition of zero-order tensor

Example = distance between two points
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WHY DO TENSORS ARISE NATURALLY IN
PHYSICS 7

Newton’s 2 law for a particle

FZ' =ma; (1)

/N N

Assume: mass is an invariant
In another coordinate system
F! =m'a; = mal (2)
(physics cannot depend on our particular choice of
coordinate system)
(1) - multiply by A;; =

AjiFi =m Ajiai
S~ S~

/ !
F. a.;

J J

= F/ =ma; ie. precisely (2)

If F; and a; were not tensors then (2) would
not hold !
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SECOND-ORDER TENSORS

Assume the physical relation

bi = Bij Cj (1)
where b; and c; are tensors (vectors)
In another coordinate system we expect

/ / /

S~~~ ~—~
Aik: bk Ajs Cs
A Ak by = Ay Bij Ajs cs
N—_——

———
6tk Ets
N— —
bt
1.e. bl = EijCj (2)

(1)-(2) (Bij — Eij) ¢;j =0=  Bij = Ej
N

Bij = A]ﬂ'B;clAlj or B = ATB/A
Definition of second order tensor

Kronecker’s delta = second-order tensor d;; = d;;
Isotropic tensor, same value irrespective of

coordinate system
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TENSORS CONT’D

If u; = vector

¥
then —— = second-order tensor

ox;
Analogously

ou;

Dijkl == AmiAnj D;nnqupkAql

Definition of fourth-order tensor

Example: linear elasticity
Oij = Dijklekl Hooke’s law

If isotropic elasticity

1
Dijr = 2G[§(5ik5jl + 6idjk) + ———

v

1-—2v

/
Dijri = D;j

i.e. isotropic fourth-order tensor.

i Oki)

COMMA CONVENTION - DEFINITION

Differentiation with respect to the coordinates then

of
6352-

8ai
8a:j

% f
a.’L'ia.’IJj

= fi

= ali’j

= fij

62 a;

8.’17j(9$k -

Qi,jk
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PROPERTIES OF TENSORS

If a tensor is zero in coordinate system,

it is zero in coordinate systems

Example:
Define D; by

80'1'3'

D; =
8$j

+ b; D; = tensor

Equilibrium
D;,=0
D;=A;;D; = D;=0
If equilibrium in one coordinate system

we don’t need to investigate equi-
=
librium in other coordinate systems

STRAIN TENSOR

e Any displacement of a body = rigid-body

motions + deformations
Deformations = change of size and form of
the body

e We expect the internal forces — i.e. the

stresses — to depend on the deformation

only

=

We look for a quantity — the —
that only depend on the deformations
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Consider a material point:

Position before def. xz;

Position after def. x; =T + u;

u; = u;(xk,t)= displacement vector
(Lagrange description)

*

Q x; + dx

1 / %
' ds* ) dz;
ds ! dx; ) !

) ! ’
.CL‘Z \/I *
P Ti
Z1 ¢ P*

ds® = dxpdz), = djrdxjdry

ds*? = dzide; = (06 + uk,j + uj ke + Ui ;U g )dr;dTy

9u;
aazj

Ui = = displacement gradient

=

ds*? —ds? = (ug j + uj g + u; jui ) dz;dry

We found
ds*? — ds? = (ui,j + uj i+ Uk’iuk,j)dl'idltj

Define

1
Eij = 5 (i + uji + uk it ;)

(Green)-Lagrange’s strain tensor

E;; = Ej;
=
ds*? — ds®> = 2E;;dx;dz;
Assume
lu; 4| << 1
=

Eij ~ €ij = 5(ui; + )

€ij = €ji, €5 << 1

€;; = small strain tensor
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PHYSICAL SIGNIFICANCE
OF THE STRAIN TENSOR

*

Q x; + dx;
T; + dz; 4\//7

1 / %

' ds* ) dz]
ds dx; ) !
pr

ds*? — ds® = 2dz;e;dx;

Define

d:rz-

n; = —-+ | = unit vector in direction dz;

ds*? — ds? dx; dx
= — " - e

ij 5 = Mi€ijNnj
2ds? ds " ds I
But
ds*2 _4s? _ (ds™+ds)(ds* —ds) _ 2ds(ds™—ds) _ ds*—ds
2ds? - 2ds? ~ 2ds? - ds
ds* — ds . .
€= — = relative elongation
s

= normal strain

€ = nie,-jnj
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Undeformed

d/
(2)
ds e

Deformed

*(2)
dz,
90° — v
(1) *(1)
dz; dz,

dazgl)dacf) = 0 orthogonality

° d’l‘*(l) d’l‘*(2)
o590 7N = m nr e

sin ~y

z; =z + u; = dx; = dz; + du;

sin vy = mm +(’U,kd + Uj,k +
| ——
=0

*(1) *(2)
dx . dax

Ui j Ui k) Sy T3y
ds*(1) gs*(2)

~0

Moreover, ds*(") a2 ds?) | ds*(?) ~ ds(?)

dxgl)

Define unit vectors n'') = —L~ . n;
ds(l) v

i

(2)

a®
- ds(2)

siny = 2ex;n; "y

(1), (2)
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Undeformed Deformed

m;

‘900 —

ng
. 1) (2
siny = 2€g; ng ) né )
~— =
=y n; mpg

v = 2n,~e,~jmj

€Enm = M€

From

€nm = Ni€ijMy

€nn = Ni€i;T;

where n;m; = 0, follow

Mohr’s circle’s of strain
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CHANGE OF COORDINATE SYSTEM
/ac; = Aij (ac]Y—\cj)
new coordinate \

transformation matrix

Strain tensor

/ / T
Gij = AikeklAjl or € = AGA

/ AN

new components

/ T 1
€ij = AkinlAlj or e=A €A
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PRINCIPAL STRAINS

PRINCIPAL DIRECTIONS

T
€Enn = N;€jN; =T €EN

T
€Enm = M;€;iN; = TN €N

Define ¢; = €;;n; ie. q = en = vector

T T
= €hn =M q , €pm =T (g
€Enm m ~‘~~
g/7 q
n ,’
4
4
1
J
€Enn

Suppose that €, =0 = qg=An

Eigenvalue problem

EN = \n or €ijN; = An;

AN

eigenvector eigenvalue

(e—AI)n=0 = det(e—AI)=0
Characteristic equation
= —)\3+91)\2—92)\+93:O
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PRINCIPAL STRAINS
PRINCIPAL DIRECTIONS, CONT’D

We found (characteristic equation)
A 400 —or 46 =0
where
01 = €
b2 = 301 — geiseis
93 = det(eij)
In another coordinate system Okl
01 = €

/ !
o= Aireri Al = €= A
= Qf”: 0, khVariant - indepen

coordinate system

ifCk Ay = exk
ent on

Likewise 02 and 03 are invariants

01, 02, 3 = strain invariants

(Cauchy invariants)

the A\-values = the principal strain

are invariants
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PRINCIPAL STRAINS
PRINCIPAL DIRECTIONS, CONT’D

We have
Ang
~N= .
Enn = N; €ijN;j (normal strain)
Emn = M €N (shear strain, m;n; = 0)
——
Ang
€Enn = ANin; = A physical
€mm = A min; =0 interpretation

Since €;; is symmetric

e )\, A2, A3 are real (obvious!)

e The three eigenvectors n; (the principal
directions) are orthogonal
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PRINCIPAL STRAINS
PRINCIPAL DIRECTIONS, CONT’D

Since
€nn = A o :
n; = principal direct.
€Emn =0
and
the principal directions are
orthogonal
=

We can choose a coordinate system x; with the

axes in principal directions

In this coordinate system

A1 O 0
[623] = 0 )\2 0
0 0 A3
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PRINCIPAL STRAINS
PRINCIPAL DIRECTIONS, CONT’D

The characteristic equation
A 0N =GN+ 65 =0
where

91 = €4

1 1 . .
02 = 561 — jeij€ij Cauchy invariants

93 = det(eij)

Other possibilities

I =€

= 1
I3 = z€ij€ K€k

I = feijei; "generic” invariants

Their relation

I =6
I =107 — 6,
f3 = %ei — 0162 + 053
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CAYLEY-HAMILTON’S THEOREM CAYLEY-HAMILTON’S THEOREM, CONT'D

First some definitions We found
€ = ee = €ik€kj e“n=\n
If det(e) # 0 then and (characteristic equation)
6_2 26_16_1 —)\3—}—91)\2 — 02X +65=0
0 0
e =1 (z" =1) Multiply with n =
From the eigenvalue problem we have N4 0,020 — Oo)n 4 O3m = O
en = n i.e. 3 5
—e'n—+60ie€n —bren+60:3n =0
e€n = \’n ie. €€ =\en or N 5
~—~ (—6 + O1€ —92€+93I)n:0
AN

This equations holds for the three eigenvectors n,

T2, N3, i.e.
a=0,%1,£2... (—€3+91€2—92€+93I) [n1 ns3 n3] =0
———
AT

Post-multiplyingby A = ATA=1

—€? + 9162 —be+65I =0

matrix equation
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CAYLEY-HAMILTON’S THEOREM, CONT’D

We had (characteristic equation)
AP+ 01N — 02X+ 05 =0
We found
3 2
—€ +91€ —926+93120

i.e. Cayley-Hamilton’s therorem

”the strain matrix satisfies its

own characteristic equation”

generalization

2 1
€T — 0,27 — ' T 4 h3€
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DEVIATORIC STRAIN TENSOR

Define

1
€ij = €ij — 50ij€kk

e;; = deviatoric strain tensor

It then follow that

ei; and €;; have identical principal

directions

eiizo
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