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Let us de�ne ti = lim�A!0 �Pi�Atra
tion ve
tor
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STRESS COMPONENTSChoose nT = [1 0 0℄ ) t = t1 x2x3
x1

t1 = �12�13
�11 
omponents of t1tT1 = [�11 �12 �13℄

Choose n = [0 1 0℄ ) t = t2

t2 = �22�23
�21


omponents of t2tT2 = [�21 �22 �23℄

Choose n = [0 0 1℄ ) t = t3t3= �32�33
�31


omponents of t3tT3 = [�31 �32 �33℄

De�ne stress tensor
�ij = 2664 tT1tT2tT3

3775 = 2664 �11 �12 �13�21 �22 �23�31 �32 �33
3775
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PROPERTIES OF �ijMoment equilibrium
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�21
�12 +��12
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�x2
�x1Moment about E�12 = �21In general �ij = �jisymmetri
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PROPERTIES OF �ij

x2
x3

x1 Q
R

P O ti
ni�t(1)i

�t(2)i
�t(3)idS = area PQRdS1 = area ROQdS2 = area PORdS3 = area POQEquilibriumtdS � t1 dS1|{z}=n1dS�t2 dS2|{z}=n2dS�t3 dS3|{z}=n3dS+bdV = 0

) t� t1n1 � t2n2 � t3n3| {z }��Tn +b dVdS|{z}!0 = 0

ti = �ijnj Cau
hy's formulaexa
tly what we wanted!
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PROPERTIES OF �ijWe foundti = �ijnjIn another 
oordinate systemt0i = �0ijn0jti and ni are ve
tors (�rst-order tensors)Use transformation rules for ti and ni) �0ij = Aik�klAjl or �0 = A�AT�ij = Aki�0klAlj or � = AT�0A

�ij = se
ond-order tensor
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PROPERTIES OF �ijIn analogy with the strain tensor we obtain� Mohr's 
ir
le's of stress� Prin
ipal stress - prin
ipal dire
tions� Invariants� Cayley-Hamilton's therorem� Deviatori
 stress tensorsij = �ij � 13Æij�kkskk = 0
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DIVERGENCE THEROREM OF GAUSSn

S
V

n = outer unit normal ve
tor
 = arbitrary ve
tor; 
T = [
1 
2 
3℄Divergen
e theoremZS 
TndS = ZV div
dVwhere div
 = �
1�x1 + �
2�x2 + �
3�x3 = 
j;j
Tn = 
jnj) ZS 
jnjdS = ZV 
j;jdVGeneralizationZS 
ijnjdS = ZV 
ij;jdV
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EQUATIONS OF MOTIONWe found ZS 
ijnjdS = ZV 
ij;jdVNewton's se
ond lawZS tidS + ZV bidV = ZV %�uidV

tra
tion ve
torbody for
e a

elerationWe haveZS tidS = ZS �ijnjdS = ZV �ij;jdVZV (�ij;j + bi � %�ui)dV = 0Volume V is arbitrary )�ij;j + bi = %�uiequations of motion



Div. of Solid Me
hani
s, Lund University

WEAK FORM - PRINCIPLE OF VIRTUALWORKEquations of motion�ij;j + bi = % �ui|{z}a

elerationMultiply with vi and integrate of volumeZV vi(�ij;j + bi � %�ui)dV = 0vi = arbitrary weight ve
torUse of divergen
e theorem and Cau
hy's formula(ti = �ijnj) )ZV %vi�uidV +ZV vi;j�ij| {z } dV = ZS vitidS+ZV vibidV�vij�ij�vij = 12 (vi;j + vj;i)


