We have established:

strain tensor stress tensor

O'Z'j
Holds for all bodies

and materials

€ij
Holds for all bodies

and materials

How they interact depends om the

e elasticity
e plasticity
e creep

e damage
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HYPER-ELASTICITY

Elastic reponse is independent on load history

o

oij = oij(€rt)

i.e
unique relation
€

- uniaxial case

dW = ode W:/ 0'(6*)d6*

dW = oijdeij, W= / i) des,
W = W (€mn,load history)

W = W(Emn) = dW = 86—‘/:;(161'3‘

o
ow
(i) — ge; )deij =0 = % = B
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HYPER-ELASTICITY CONT’D

ow

8eij

0ij

From the transformation rule of second-order

tensors we find dW = oy;de;; = o7;de;;

W is an invariant

ISOTROPY

Strain energy should not depend on the choice of

coordinate system
W =W (ei) = W(Ih, Iz, I3)

T T 1 T 1
where Il = €44, _[2 = §€ij€ij, 13 = geijejkeki

oW o8I, OW 08I, OW ol;

OI, Ocij  OI, Oeij  Olz O€ij
—— —~— ——

aq a9 asg

Oij =

0ij = a10ij + q2€ij + Q3€K€L;
a; = a;(I1, Iz, I3)

Most general hyper-elasticity for isotropic bodies!

Div. of Solid Mechanics, Lund University

HYPER-ELASTICITY CONT’D
We found

0ij = 10;5 + 265 + (3€;K€L;

o; = Oéi(f1,f~2,f3)

a1 = )\il = )\Gkk

oo = 24 Oij = Neprlij + 2p€i
a3 = 0
where

A, p = Lame’s parameters

vFE FE

AT TE -2 PT e

oij = 2Gei; + €xkdij)

v
1-—2v

Hooke’s law
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HYPER-ELASTICITY CONT’D
We found

Oij = 2G[€ij + 1 Y

— 2V€kk6ij]

(2 independent material parameters)

Okk = 3K6kk K = ﬁ
Sij = 2Geij G = 72(1]3_”)

where K and G are the bulk and shear modulus,
respectively.

No coupling between volumetric

and deviatoric response
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HYPER-ELASTICITY CONT’D

Alternative formulation

0ij = Dijri€r

where

1
Dijua = 2G5 (8ixdj1 + Sudyn) + ﬁaijgkl]

= fourth-order tensor

= stiffness tensor

In general D;;;; = Aim AjnDmnpgArpAig, but for
the above

/ — ..
ijkl = Dzykl

isotropic fourth-order tensor
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COMPLEMENTARY ENERGY

Strain energy W(€emn) = / oij(€r)dei;
0

o

Legendre transformation

Complementary energy C = o;; €,; —W
—~
new variable  old variable

differentiation
dC = dO'ijGij + O',;jdéij — gﬂ deij = Gz'de'ij
€9

———

Thus
ag
C = C(oij)
.o
E 80'2'3‘
€

COMPLEMENTARY ENERGY, CONT’D

We defined
C = 0ij€i5 — w
—_— =~

invariant invariant

C is an invariant

C = C(0ij)

ISOTROPIC NONLINEAR ELASTICITY
C:C(Il,IQ,I3) or C:C(I1,J2,J3)

1 1
where It = okk, Jo = 58kiSki, J3 = 3SkiSimSmk

. _0C _0C 0L 9C 8Jy  OC OJs

E anj N 811 80'ij 8J2 8Uij 8J3 80'ij
N N N N NN
61 i 52 Sij 53 SikSkj

— 20285

Most general form

€ij = B10i5 + P2sij + Ba(Siksk; — 5 J2045)
where

p1 = B1(11, J2, J3)

B2 = P2(11,J2, J3)

B3 = B3(11, J2, J3)
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COMPLEMENTARY ENERGY, CONT’D

We found

ac oc ac
oI’ B N

but from differentiation
o1 0 (80)_ 0 (80)_%
0Ja 0J2 \ 01 ol \ 0J2 ol
91 0 <8C’>_ 0 <8C>_%
0Js 0J3 \ 01 oI, \ 0J3 ol
9B 0 <8C’>_ 0 <8C>_%
0Js  0J3 \ 0J2 0Ja \ 0J3 0J2

constraints, 31, 82 and (3 can not be choose

independently of each other. These constraints will

p1 =

tell if the material can be modelled by a
hyper-elasticity model.
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COMPLEMENTARY ENERGY, CONT’D
We found

2
€ij = ﬁlaij + /8281']' + ﬁ3(3ik8kj — §J25”)

-~

quadratic term
If Hooke format, i.e. no quadratic term
= Pz =0 = p1 = Bi(I1, J2)
P2 = B2(I1, J2)
Br = ik and fa = 5

_Okkg 1
= 9 % T g

€ij

Hooke format
Okk — 3K€kk Sij = QGBZ'J'
But K = K([h J2) and G = G(I1, Jz)

Note, now we have K and G in terms of stresses

instead of strains
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LINEAR HYPER-ELASTICITY - ANISOTROPY

Most general linear form o;; = D;jri€r:

Piece of V&{)OOd DEFINITIONS

a) Oy, )
Consider the constitutive relation o;; = D;;ri€ri
Oy, Ou J J
o % If Dijri = Dijri(Typ)
J;Xz X, ;
Xl Xz

= inhomogenous

material

If D;;i; independent on = homogenous

E, # Ey = anisotropy Anisotropy homogenous

inhomogenous

Material anisotropy means that the constitu-

tive relation takes different forms depending homogenous

. . I
on the Cartesian coordinate system we use sotropy

inhomogenous

Material isotropy means that the constitutive

relation remains the same irrespective of the

Cartesian system we use
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GENERAL LINEAR ELASTICITY

oij = Diji €ri
——

Consider the quantity

1 1 1
d(=€ijDijrier) = =deij Dijriert += €ijDijri deg
2 2 —_—— 2
oij Tkl
1
= Edeijgij t3 Or1dek
O'ijdeij
=
1
d(ieijDijklekl) = 0;;de;;

But since dW = o;;de;; it follows
1
dW = d(iﬁijDijklekl)

i.e

1 1
W = EeijDijklekl or W = 5€ij0ij

GENERAL LINEAR ELASTICITY, CONT’D

We found

1
W = EeijDijklekl >0

when €;; # 0, i.e.

D;jr1 positive definite

ISOTROPIC ELASTICITY

1
Dijia = 2G5 (8ixdjt + dudje) + 7=k

for W > 0 we find

E>0 —l<v<i
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LINEAR ELASTICITY

In general
0ij = Dijri€r

elasticity = D;;x; does not depend on €;;

aO'ij
= Dijnl
O€k
Likewise ox; = Dyiijé€ij
aO'kl
= Dyiij
8eij

But
doi; 9 (OWY 9 [(OW)\  dow
86kl - 86kl 86ij - 86”- 86kl - 86”

Dijri = Duiij

major symmerty

Since Oi5 = Ojj =

Dijki = Djir

minor symmetry
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MATRIX FORMULATION

We have
oij = Dijri€ri
expand and collect terms
0ij =Dijk1€r1 + Dijroere + Dijr3€rs
=D;j11€11 + Diji2€12 + Djj13€13
+D;j21€21 + Djjoo€az + Djjaze€as
+D;j31€31 + D;jj3a€32 + Djj33€33

0ij =D;j11€11 + Djjoo€a2 + Djj33€33

+Djj212€12 + Djjz12€13 + D;j322€23

oij = [Dij11 Dijos Dijss Dijo1r Dijs1 Dijao]

€11

€22

€33
€12
€13

€23
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MATRIX FORMULATION, CONT’D

We have
0ij = Dijri€r

expand and collect terms

o11 D1111 D1122 P1133 P1121 P1131 P1132 €11
022 Dag11 D2222 D2233 D2221 D2231 D2232 €22
o33 | _ | P3311 P3322 P3333 P3321 P3331 P3332 €33
012 Di211 Pi1222 DPi1233 DPi1221 Pi1231 DPi232 2e12
013 D1311 D1322 D1333 DP1321 DP1331 D1332 2e13
023 Da311 D2322 D2333 D2321 D2331 D2332 2e23
1.€.
o = De

Note D is symmetric since, e.g. Da2311 = D1132.
The following relation is also valid
T
€ O = €045
But not
T
g O 7£ 0ij04j
and

T
€ € 7é €ij€ij
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COORDINATE CHANGE IN MATRIX FORMAT

Tensor format

/
O;5 — AikUk:lAjl = AikAjl Okl
N——
Lkt
in matrix format
/
o = L o
M~ NN
6xl 6x6 6x1

to find the transformation for € we use that o’ € is

an invariant

T T TyT ! T T _1
ce=0c'e =0 L€ = o (e—L'e€e)=0

e=L"¢ LT Lt

Transformation of the stiffness tensor, in the old
coordinate system

o = De

New coordinate system
/ !/
o =D'e

making use of the above equations

D' = LDL"
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DIFFERENT FORMS OF D

X, — _
-

A\

anisotropy one symmetry plane

orthotropy
(three symmetry planes)

isotropy

o=De¢

A

anisotropy 21 independent parameters

Di1 D12 D3 Dig D1z Dig
Dgay D22 D23 D2y D25 Dag
D=| P31 D32 DPs3 D3s D35 Dge
D41 D42 D43z Dga Dys  Dye
Ds1y  Ds2 Ds3z  Dsg  Dss  Dsg
L De1  De3 De3 Desa Des Dee |

orthotropy 9 independent parameters

Dj1 Diz2  Di3 0 0
Doy Dgoo  Dog 0 0
D=| P31 D32 D33 0 0
0 0 0 D44 0 0
0 0 0 0 Dss 0

) 0 0 0 0 Dgg |

DIFFERENT FORMS OF D

/_ff
E -

.

anisotropy

e _ al
)

orthotropy
(three symmetry planes

isotropy 2 independent parameters

1—v v
v 1—v v
D: E v v 1—v
(IH)(1=2v)| ¢ 0 o La-2u
0 0 0 0
0 0 0 0

A/

one symmetry plane

isotropy

o O O

La-2v)

o O O O

L-2v)
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PLANE OF ELASTIC SYMMETRY

X2
P
X3 O_MA/

D C

O~
4\ X R
X, !
2

Hooke’s law € = Co

011

take 011 = 07, assume this implies €;; = €;;
more general
take 0;; = o}, assume this implies €;; = €;;

= plane of elastic symmetry

If Hooke’s law takes the same form for every pair of
Cartesian coordinate systems that are mirror images

of each other in a certain plane, this plane is a plane

of elastic symmetry

This implies that & = De and o' = D€', i.e. same

D matrix
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PLANE OF ELASTIC SYMMETRY, CONT’D

3

x1 — 22 1s assumed to be a

—> T2 plane of elastic symmetry

Consider a situation where the stress state o and

o’ are the same = 093 = —0923, 013 = —013.

If, plane of elastic symmetry the strain state € and

/ / /
€' are the same = €33 = —€23, €13 = —€13
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PLANE OF ELASTIC SYMMETRY, CONT’D
Transformation of second-order tensors
gI — AgAT
Transformation matrix
ef; €3 m/ — x
|
/—> €2

/
€1

€1

Elastic symmetry plane x; — 2

3
0
— T2 r_ r r_
T / / e, = | 0 | e = |1 |ez=
— > T2
/ 0
/
T
/
Z3
011 012 013 1 0
/
o = o21 022 023
0 -1 g31 g32 g33 0 0 —1
o11 012 —013
= 021 g22 —023
L 931 —032 033

Same transformation for the strain tensor

PLANE OF ELASTIC SYMMETRY, CONT’D

we have

li /
Og3 = —023 013 = — 013
/ /
€o3 = —E€23 €13 = —E€13
otherwise Oij = Oij and €;j = €ij and
o = De (1)
o' = D€’ (2)

expand equations

(1) = o011 = Di1€11 + Di2€eaa + Di3ess
+2Dj4€12 +2D15€13 + 2D16€23

(2) = o1y = D€}y + Dizesy + Dizegy
+ 2D14€’12 + 2D156113 + 2D166’23

011 = Di1€11 + Di2eaa + Dizess
+2Dj4€12 — 2D15€13 — 2D 6623

Then D15 = D16 =0
In the same manner D25:D26:D35:D45:D46:0

One symmetry plane

( Dyy Di2 D33 Dis O 0
D3y D3y Ds3 Day O 0
D31 D3z D33 Dzg O 0
= D =
D41 Dis Dss Dyy O 0
0 0 0 0 Dss D56
L 0 0 0 0 Dgs Dgs |
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PLANE OF ELASTIC SYMMETRY, CONT’D

x1 — x3 is assumed to be a plane of elastic symmetry

!
T3x3
0
e, = e, = —1 e, =
) o 1 2 3
0
.’Ell Tr1
Stress o and strain € in the z; system
1 0 O o11 012 013 0 0
/
ag = 0 -1 0 021 029 023 0 -1 0
0 0 1 031 032 033 0 0
11 —O012 013
= —021 g22 —023
L 931 032 933
€11 —€12 €13
/
€ =] —e21 €22  —€23
€31  —€32 €33

PLANE OF ELASTIC SYMMETRY, CONT’D

we have
/ _ ! _
O12 = —012 Og3 = —023
/ !
€10 = —€12 €y3 = —€23

otherwise O = Cij and €;j = €ij and

o = De (1)
o' = D¢’ (2)

expand equations
(1) = o011 = Dir€11 + Dizean + Dizezs + 2D1ge12
(2) = 01, = Di1€}; + Dioehy + Disegy + 2Dqs€],
011 = Di1€11 + Di2€22 + Digezs — 2Dq4€12
Then D14 = 0, in the same manner Do,—=D34,=0
(1) = o013 = 2Ds5¢€13 + 2Ds5gp€23
(2) = 015 = 2D55¢€13 + 2D5geh
011 = 2Ds5€13 — 2Ds56€23
Then Dsg =0

Two symmetry planes

( D11 D12 Dais 0 0
D31 Dsas  Dos 0 0
- D— D31 D32 Dss 0 0
Dys O 0
0 0 Dss O
L 0 0 0 Degs
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Note the symmetry properties

THERMO-ELASTICITY

Split of the strain tensor

e T
€ij = ms.u. + ms.w.

total strains elastic strains thermal strains
Hooke’s law

0ij = Dijri(€xs — mwb

——
mm
kl
For isotropic materials
T
thermal temp. change
expansion from reference

coefficient temperature
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NONLINEAR ISOTROPIC HOOKE FORMULATION

For metals and steel, the volumetric response is
linear elastic and all nonlinearity is related to the

deviatoric response

= Choose K = constant, G = G(J2)

Ok«

3K

€k &ij
uncoupled, all nonlinearity related to deviatoric
response

("total” or ”deformational” plasticity)
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NONLINEAR ISOTROPIC HOOKE FORMULATION

For concrete, soil and rocks, the volumetric and

deviatoric response is coupled and both the volu-

metric and deviatoric response are nonlinear

-500 -
2400 | linear elastic
Owk '
?[MPa] 300 |/
! exp. data
-200 r
|
|
-100 [/
2 -4 6 8 -10

€y (%]

Hydrostatic compression of concrete (o1 = o2 = 03 < 0)

2571 -25
20} 20 |

O.MPq -151 €1=€; O, [Mpa -15F

3 [MPd] €3 3 [Mpa]
-10 - -10
5| 5
4 3 2 1 0-1 -2 -3 -4 0 -1 -2
strains [Yool €y [Tool

Uniaxial compression of concrete (o1 = o2 = 0,03 < 0)
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NONLINEAR ISOTROPIC HOOKE FORMULATION

Most general Hooke format

O = 3K6ii Sij = 2G€ij
where
K = K(I, J») G = G(I,J2)
O Si
3K
€ €ij

Nonlinear both in volumetric and deviatoric

response

Div. of Solid Mechanics, Lund University

NONLINEAR ISOTROPIC HOOKE FORMULATION

W,
B\
|
| -1,
A

constant hydrost.
stress - increasing

dev. stress

0,

constant dev.
stress - change of

dev. stress

0,
- B
A
: > €
A
:3K( ) JQ ) €ig
~—
varies wvaries
eij
:> B DN
A
Ll PY
=2G( I , ) €ij
varies varies

toric response

A simple nonlinear Hooke formulation allows for

coupling effects between volumetric and devia-
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