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We have established:
strain tensor�ijHolds for all bodiesand materials
stress tensor�ijHolds for all bodiesand materials

How they intera
t depends om the spe
i�
material� elasti
ity� plasti
ity� 
reep� damage...) 
onstitutive me
hani
s
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HYPER-ELASTICITYElasti
 reponse is independent on load history

�
� i.e �ij = �ij(�kl)unique relation

Strain energy - uniaxial 
ase

� = �(�) �
�

dW = �d�
dW �

�
W = Z �o �(��)d��

W

In generaldW = �ijd�ij ; W = Z �mno �ij(��kl)d��ijW =W (�mn; load history)Assume W =W (�mn) ) dW = �W��ij d�ij(�ij � �W��ij )d�ij = 0 ) �ij = �W��ij
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HYPER-ELASTICITY CONT'D�ij = �W��ijFrom the transformation rule of se
ond-ordertensors we �nd dW = �ijd�ij = �0ijd�0ijW is an invariantISOTROPYStrain energy should not depend on the 
hoi
e of
oordinate systemW =W (�ij) =W (~I1; ~I2; ~I3)where ~I1 = �ii, ~I2 = 12 �ij�ij , ~I3 = 13 �ij�jk�ki�ij = �W� ~I1|{z}�1 � ~I1��ij + �W� ~I2|{z}�2 � ~I2��ij + �W� ~I3|{z}�3 � ~I3��ij

�ij = �1Æij + �2�ij + �3�ik�kj�i = �i(~I1; ~I2; ~I3)Most general hyper-elasti
ity for isotropi
 bodies!
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HYPER-ELASTICITY CONT'DWe found�ij = �1Æij + �2�ij + �3�ik�kj�i = �i(~I1; ~I2; ~I3)Choose�1 = �~I1 = ��kk�2 = 2��3 = 0
9>>=>>; �ij = ��kkÆij + 2��ij

where�; � = Lame's parameters� = �E(1 + �)(1� 2�) ; � = E2(1 + �) = G

�ij = 2G[�ij + �1� 2� �kkÆij ℄Hooke's law
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HYPER-ELASTICITY CONT'DWe found�ij = 2G[�ij + �1� 2� �kkÆij ℄(2 independent material parameters)�kk = 3K�kk K = E3(1�2�)sij = 2Geij G = E2(1+�)where K and G are the bulk and shear modulus,respe
tively.No 
oupling between volumetri
and deviatori
 response
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HYPER-ELASTICITY CONT'DAlternative formulation�ij = Dijkl�klwhereDijkl = 2G[ 12(ÆikÆjl + ÆilÆjk) + �1� 2� ÆijÆkl℄= fourth-order tensor= sti�ness tensorIn general D0ijkl = AimAjnDmnpqAkpAlq, but forthe above D0ijkl = Dijklisotropi
 fourth-order tensor
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COMPLEMENTARY ENERGYStrain energy W (�mn) = Z �mn0 �ij(��kl)d��ij

�ij = �W��ij �
�

W

Legendre transformationComplementary energy C = �ij|{z} �ij|{z}�Wnew variable old variabledi�erentiationdC = d�ij�ij + 6�ijd�ij � 6 �W��ij|{z}�ij d�ij = �ijd�ij

ThusC = C(�ij)�ij = �C��ij �
� C
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COMPLEMENTARY ENERGY, CONT'DWe de�ned C = �ij�ij| {z }� W|{z}invariant invariantC is an invariantC = C(�ij)ISOTROPIC NONLINEAR ELASTICITYC = C(I1; I2; I3) or C = C(I1; J2; J3)where I1 = �kk, J2 = 12sklskl, J3 = 13sklslmsmk�ij = �C��ij = �C�I1|{z} �I1��ij| {z }+ �C�J2|{z} �J2��ij| {z }+ �C�J3|{z} �J3��ij| {z }�1 �2 �3Æij sij sikskj� 23J2ÆijMost general form�ij = �1Æij + �2sij + �3(sikskj � 23J2Æij)where�1 = �1(I1; J2; J3)�2 = �2(I1; J2; J3)�3 = �3(I1; J2; J3)
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COMPLEMENTARY ENERGY, CONT'DWe found�1 = �C�I1 ; �2 = �C�J2 ; �3 = �C�J3 ;but from di�erentiation��1�J2 = ��J2 � �C�I1� = ��I1 � �C�J2� = ��2�I1��1�J3 = ��J3 � �C�I1� = ��I1 � �C�J3� = ��3�I1��2�J3 = ��J3 � �C�J2� = ��J2 � �C�J3� = ��3�J2
onstraints, �1, �2 and �3 
an not be 
hooseindependently of ea
h other. These 
onstraints willtell if the material 
an be modelled by ahyper-elasti
ity model.
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COMPLEMENTARY ENERGY, CONT'DWe found�ij = �1Æij + �2sij + �3(sikskj � 23J2Æij| {z }quadrati
 term)

If Hooke format, i.e. no quadrati
 term) �3 = 0 ) �1 = �1(I1; J2)�2 = �2(I1; J2)Choose �1 = �kk9K and �2 = 12G�ij = �kk9K Æij + 12Gsij

Hooke format�kk = 3K�kk sij = 2GeijBut K = K(I1; J2) and G = G(I1; J2)Note, now we have K and G in terms of stressesinstead of strains
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LINEAR HYPER-ELASTICITY - ANISOTROPYMost general linear form �ij = Dijkl�kl

Pie
e of wood
a) b)

x3

x2

x1

x1

x3

x2

11

σ

σ11

11

σ σ11

�11 = Ea�11 �11 = Eb�11Ea 6= Eb ) anisotropy

Material anisotropy means that the 
onstitu-tive relation takes di�erent forms dependingon the Cartesian 
oordinate system we use

Material isotropy means that the 
onstitutiverelation remains the same irrespe
tive of theCartesian system we use
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DEFINITIONSConsider the 
onstitutive relation �ij = Dijkl�klIf Dijkl = Dijkl(xp) ) inhomogenousmaterialIf Dijkl independent onposition ) homogenousmaterial

Anisotropy 8<: homogenousinhomogenous

Isotropy 8<: homogenousinhomogenous
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GENERAL LINEAR ELASTICITY�ij = Dijkl| {z } �kl
onstantConsider the quantityd(12 �ijDijkl�kl) = 12d�ij Dijkl�kl| {z }�ij +12 �ijDijkl| {z }�kl d�kl

= 12d�ij�ij + 12 �kld�kl| {z }�ijd�ij) d(12 �ijDijkl�kl) = �ijd�ijBut sin
e dW = �ijd�ij it followsdW = d(12 �ijDijkl�kl)i.e W = 12 �ijDijkl�kl or W = 12 �ij�ij
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GENERAL LINEAR ELASTICITY, CONT'DWe found W = 12 �ijDijkl�kl > 0when �ij 6= 0, i.e.Dijkl positive de�niteISOTROPIC ELASTICITYDijkl = 2G[ 12 (ÆikÆjl + ÆilÆjk) + �1� 2� ÆijÆkl℄for W > 0 we �ndE > 0 � 1 < � < 12
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LINEAR ELASTICITYIn general �ij = Dijkl�klLinear elasti
ity ) Dijkl does not depend on �ij) ��ij��kl = DijklLikewise �kl = Dklij�ij) ��kl��ij = DklijBut��ij��kl = ���kl ��W��ij� = ���ij � �W��kl� = ��kl��ijDijkl = Dklijmajor symmertySin
e �ij = �ji )Dijkl = Djiklminor symmetry
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MATRIX FORMULATIONWe have �ij = Dijkl�klexpand and 
olle
t terms�ij =Dijk1�k1 +Dijk2�k2 +Dijk3�k3=Dij11�11 +Dij12�12 +Dij13�13+Dij21�21 +Dij22�22 +Dij23�23+Dij31�31 +Dij32�32 +Dij33�33�ij =Dij11�11 +Dij22�22 +Dij33�33+Dij212�12 +Dij312�13 +Dij322�23)
�ij = [Dij11 Dij22 Dij33 Dij21 Dij31 Dij32℄

26666666664
�11�22�332�122�132�23
37777777775
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MATRIX FORMULATION, CONT'DWe have �ij = Dijkl�klexpand and 
olle
t terms266666666664
�11�22�33�12�13�23
377777777775 = 266666666664

D1111 D1122 D1133 D1121 D1131 D1132D2211 D2222 D2233 D2221 D2231 D2232D3311 D3322 D3333 D3321 D3331 D3332D1211 D1222 D1233 D1221 D1231 D1232D1311 D1322 D1333 D1321 D1331 D1332D2311 D2322 D2333 D2321 D2331 D2332
377777777775
266666666664

�11�22�332�122�132�23
377777777775i.e. � =D�Note D is symmetri
 sin
e, e.g. D2311 = D1132.The following relation is also valid�T� = �ij�ijBut not �T� 6= �ij�ijand �T � 6= �ij�ij
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COORDINATE CHANGE IN MATRIX FORMATTensor format�0ij = Aik�klAjl = AikAjl| {z }Lijkl �kl

in matrix format �0|{z}6x1 = L|{z}6x6 �|{z}6x1to �nd the transformation for � we use that �T � isan invariant�T � = �0T �0 = �TLT �0 ) �T (��LT �0) = 0� = LT �0 LT 6= L�1Transformation of the sti�ness tensor, in the old
oordinate system � =D�New 
oordinate system�0 =D0�0making use of the above equationsD0 = LDLT
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DIFFERENT FORMS OF D
3

x1

x2

x

(three symmetry planes)

isotropy

one symmetry planeanisotropy

orthotropy �=D�anisotropy 21 independent parameters

D=266666666664
D11 D12 D13 D14 D15 D16D21 D22 D23 D24 D25 D26D31 D32 D33 D34 D35 D36D41 D42 D43 D44 D45 D46D51 D52 D53 D54 D55 D56D61 D63 D63 D64 D65 D66
377777777775orthotropy 9 independent parameters

D=266666666664
D11 D12 D13 0 0 0D21 D22 D23 0 0 0D31 D32 D33 0 0 00 0 0 D44 0 00 0 0 0 D55 00 0 0 0 0 D66
377777777775
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DIFFERENT FORMS OF D

3

x1

x2

x

(three symmetry planes)

isotropy

one symmetry planeanisotropy

orthotropy �=D�isotropy 2 independent parameters

D= E(1+�)(1�2�)266666666664
1�� � � 0 0 0� 1�� � 0 0 0� � 1�� 0 0 00 0 0 12 (1�2�) 0 00 0 0 0 12 (1�2�) 00 0 0 0 0 12 (1�2�)
377777777775
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PLANE OF ELASTIC SYMMETRY
x1

x2

x3

x2

x1

x3

σ11’

σ11

σ11’
’R

C

’

’
’

D

BA

σ11
R

Hooke's law � = C�take �11 = �011 assume this implies �ij = �0ijmore generaltake �ij = �0ij assume this implies �ij = �0ij) plane of elasti
 symmetryIf Hooke's law takes the same form for every pair ofCartesian 
oordinate systems that are mirror imagesof ea
h other in a 
ertain plane, this plane is a planeof elasti
 symmetryThis implies that � =D� and �0 =D�0, i.e. sameD matrix Div. of Solid Me
hani
s, Lund University

PLANE OF ELASTIC SYMMETRY, CONT'D

x2x3
x1 x02x03x01

x1 � x2 is assumed to be aplane of elasti
 symmetry

x2x3x1 x02x03
x01

�23 �22
�33

�23�22
�33

90� 
23

�023 �022
�033�023�022

�033
90� 
023

Consider a situation where the stress state � and�0 are the same ) �023 = ��23, �013 = ��13.If, plane of elasti
 symmetry the strain state � and�0 are the same ) �023 = ��23, �013 = ��13
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PLANE OF ELASTIC SYMMETRY, CONT'DTransformation of se
ond-order tensors�0 = A�ATTransformation matrix
e2

e3
e1

e02e03
e01

x0 = Ax
AT = 2664 e11 e21 e31e12 e22 e32e13 e23 e33

3775Elasti
 symmetry plane x1 � x2
x2x3
x1 x02x03x01 e01 = 2664 100

3775 e02 = 2664 010
3775 e03 = 2664 00�1
3775

�0=2664 1 0 00 1 00 0 �1
37752664 �11 �12 �13�21 �22 �23�31 �32 �33
37752664 1 0 00 1 00 0 �1
3775

= 2664 �11 �12 ��13�21 �22 ��23��31 ��32 �33
3775Same transformation for the strain tensor Div. of Solid Me
hani
s, Lund University

PLANE OF ELASTIC SYMMETRY, CONT'Dwe have�023 = ��23 �013 = ��13�023 = ��23 �013 = ��13otherwise �0ij = �ij and �0ij = �ij and� = D� (1)�0 = D�0 (2)expand equations(1) ) �11 = D11�11 +D12�22 +D13�33+ 2D14�12 + 2D15�13 + 2D16�23(2) ) �011 = D11�011 +D12�022 +D13�033+ 2D14�012 + 2D15�013 + 2D16�023�11 = D11�11 +D12�22 +D13�33+ 2D14�12 � 2D15�13 � 2D16�23Then D15 = D16 = 0In the same manner D25=D26=D35=D45=D46=0One symmetry plane
) D =

26666666664
D11 D12 D13 D14 0 0D21 D22 D23 D24 0 0D31 D32 D33 D34 0 0D41 D42 D43 D44 0 00 0 0 0 D55 D560 0 0 0 D65 D66
37777777775
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PLANE OF ELASTIC SYMMETRY, CONT'Dx1 � x3 is assumed to be a plane of elasti
 symmetry

x2x3
x1x02

x03
x01 e01 = 2664 100

3775 e02 = 2664 0�10
3775 e03 = 2664 001
3775

Stress � and strain � in the x0i system�0=2664 1 0 00 �1 00 0 1
37752664 �11 �12 �13�21 �22 �23�31 �32 �33
37752664 1 0 00 �1 00 0 1
3775

= 2664 �11 ��12 �13��21 �22 ��23�31 ��32 �33
3775

�0=2664 �11 ��12 �13��21 �22 ��23�31 ��32 �33
3775
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PLANE OF ELASTIC SYMMETRY, CONT'Dwe have�012 = ��12 �023 = ��23�012 = ��12 �023 = ��23otherwise �0ij = �ij and �0ij = �ij and� = D� (1)�0 = D�0 (2)expand equations(1) ) �11 = D11�11 +D12�22 +D13�33 + 2D14�12(2) ) �011 = D11�011 +D12�022 +D13�033 + 2D14�012�11 = D11�11 +D12�22 +D13�33 � 2D14�12Then D14 = 0, in the same manner D24=D34=0(1) ) �13 = 2D55�13 + 2D56�23(2) ) �013 = 2D55�013 + 2D56�023�11 = 2D55�13 � 2D56�23Then D56 = 0Two symmetry planes

) D =
26666666664

D11 D12 D13 0 0 0D21 D22 D23 0 0 0D31 D32 D33 0 0 00 0 0 D44 0 00 0 0 0 D55 00 0 0 0 0 D66
37777777775
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PLANE OF ELASTIC SYMMETRY, CONT'DTwo symmetry planes ) same as three symmetryplanes
) orthotropi
 material2666666666664
�11�22�332�122�132�23

3777777777775 =
2666666666664

1E1 � �21E2 � �31E3 0 0 0� �12E1 1E2 � �32E3 0 0 0� �13E1 � �23E2 1E3 0 0 00 0 0 1G12 0 00 0 0 0 1G13 00 0 0 0 0 1G23

3777777777775

2666666666664
�11�22�33�12�13�23

3777777777775
Note the symmetry properties �21E2 = �12E1 , �31E3 = �13E1 and �32E3 = �23E2
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THERMO-ELASTICITY

Splitofthestraintensor�ij =� eij +� Tij

totalstrainselasti
strainsthermalstrains

Hooke'slaw�ij =Dijkl (�kl �� Tkl
| {z}� ekl )

Forisotropi
materials� Tij =��TÆij
thermalexpansion


oeÆ
ient temp.
hange
fromreferen
e

temperature



Div. of Solid Me
hani
s, Lund University

NONLINEAR ISOTROPIC HOOKE FORMULATIONFor metals and steel, the volumetri
 response islinear elasti
 and all nonlinearity is related to thedeviatori
 response) Choose K = 
onstant, G = G(J2)

kk

3K 2G

Sij

e ijε

σ kk

un
oupled, all nonlinearity related to deviatori
response("total" or "deformational" plasti
ity)
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NONLINEAR ISOTROPIC HOOKE FORMULATIONFor 
on
rete, soil and ro
ks, the volumetri
 anddeviatori
 response is 
oupled and both the volu-metri
 and deviatori
 response are nonlinear

kk

σkk

3

ε

[MPa]   

linear elastic

exp. data
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3
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Uniaxial 
ompression of 
on
rete (�1 = �2 = 0; �3 < 0)
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NONLINEAR ISOTROPIC HOOKE FORMULATIONMost general Hooke format�ii = 3K�ii sij = 2Geijwhere K = K(I1; J2) G = G(I1; J2)

3K

Sij

e ijε

σ kk

kkNonlinear both in volumetri
 and deviatori
response
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NONLINEAR ISOTROPIC HOOKE FORMULATIONWe 
an model 
oupling e�e
ts!!

1

J
2

J
2

I

B

A

B

ε kk
A
onstant hydrost.stress - in
reasingdev. stress 
onstz}|{�ii = 3K(
onstz}|{I1 ; J2|{z}varies) �ii|{z}varies

1 I1I

ijJ

B A

2

B

A

e


onstant dev.stress - 
hange ofdev. stress 
onstz}|{sij = 2G( I1|{z}varies; 
onstz}|{J2 ) eij|{z}varies

A simple nonlinear Hooke formulation allows for
oupling e�e
ts between volumetri
 and devia-tori
 response


