
Computational Inelasti
ity FHLN05Assignment 2013A non-linear elasto-plasti
 problemGeneral instru
tionsThe written report should be returned to the Division of Solid Me
hani
s no laterthan 16 of O
tober at 10:00.The assignment serves as a part exam. A maximum of 5 points 
an be obtained.The task 
an be solved individually or in groups of two. If two persons worktogether they will obtain the same amount of points.The report should be 
lear and well-stru
tured and 
ontain a des
ription of theproblem as well as the solution pro
edure that is needed and the results from the
al
ulations in form of illustrative �gures and tables. The program 
ode shouldbe in
luded as an appendix. It should be su�
ient with a maximum of 10 pages,appendix ex
luded.It 
an be assumed that the reader posses a basi
 knowledge in Solid Me
hani
sand a understanding of the problem des
ription but it has been a while sin
ehe/she dealt with this type of analysis.After reading the report, the reader should be able to reprodu
e the results just byreading through the report, i.e. without using the in
luded program. This impliesthat all derivations of ne
essary quantities su
h as sti�ness tensor et
. should bepresented in some detail.Note, a report should be handed in even if you're not able to solve all tasks or ifyour program doesn't work!
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Problem des
riptionA plate with hole should be examined under elasto-plasti
 deformation. Thegeometry of the plate is shown in �gure 1.
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Figure 1: Plate with hole, units in m.As in the 
omputer lab the elasti
 response is assumed to be isotropi
 and in-dependent of the third strain invariant, i.e. the stress strain relations are givenby
σkk = 3Kǫkk sij = 2Geijwhere σij and ǫij are the stress and strain tensors, respe
tively. Moreover, sij =

σij−1/3δijσkk and eij = ǫij−1/3δijǫkk are the deviatori
 stress and strain tensors,respe
tively.The elasti
 modulus of the material is E = 140 MPa and the Poisson's ratio is
ν = 0.3. In the elasti
 loading regime, the material 
an be 
onsidered linear, i.e.of the format given in eq. (4.89) in the 
ourse book (but redu
ed to plane stress
onditions!). The thi
kness of the plate is 3 mm.For the plasti
 loading, the material 
an be modelled using von Mises yield surfa
ewith isotropi
 hardening, where asso
iated plasti
ity 
an be assumed. The yield
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stress is given by the format
σy = σy0 +K0

(

ǫpeff
ǫ0

)1/nwhere the parameters σy0 = 0.7 MPa, K0 = 0.5 MPa, ǫ0 = 0.025 and n = 3.Instru
tionsThe task is to 
al
ulate the non-linear response of a given stru
ture. To solvethe problem the CALFEM-toolbox should be used. In CALFEM, 
ertain generalFE-routines are already established and you should establish the extra routinesneeded to solve the non-linear elasti
 boundary value problem.
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Figure 2: Plate with hole, units in m.The geometry for the problem is given in the �le assignment_2013_geom.mat,available on the 
ourse homepage. Due to symmetry, only one fourth of the plateis modelled, see the mesh in �gure 2. A des
ription of the variables supplied bythe geometry �le 
an be found in appendix A.1. Note that you may have to s
alethe in
rement in b
 so that your steps don't be
ome too large. For the globalequilibrium loop a displa
ement 
ontrolled Newton-Raphson s
heme should beimplemented and for the integration of the elasto-plasti
 
onstitutive laws a fully3



impli
it radial return method should be used. Three-node triangle elements areused for the �nite element 
al
ulations.The 
al
ulations should be done for plane stress 
ondition, whi
h is 
loser to thereal physi
al loading situation than plane strain 
onditions and the plate shouldto be loaded well into the non-linear region.Solve the following steps;a) Implement two routines in Matlab. One that 
he
ks for elasto-plasti
 responseand updates a

ordingly and one that 
al
ulates the algorithmi
 tangentsti�ness Dats. See manuals on the 
ourse homepage.b) Che
k that your routines work by 
omparing with the �les;
he
k_elasti
_update.mat, 
he
k_plasti
_update.mat,
he
k_elasti
_Dats.mat and 
he
k_plasti
_Dats.mat on the 
oursehomepage. Note that both elasti
 and plasti
 behaviour 
an be 
he
ked.
) Plot the e�e
tive stress distribution of the plate during displa
ement 
on-trolled loading.d) Plot the global response during displa
ement 
ontrolled loading; total for
eversus displa
ement during two load 
y
les where the material should beloaded well into the plasti
 region.e) Identify the area where plasti
 yielding �rst o

urs and how the plasti
 areaevolves with further loading (keep tra
k of whi
h elements have developedplasti
 strains).The report should 
ontain a detailed derivation of the numeri
al integration forthe isotropi
 hardening.
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Appendix AA.1 Variables in the supplied geometry �lesTable A.1: Variables in the supplied geometry �le.Variable Des
ription Sizeb
 Boundary 
ond. during disp.-
ontrolled loadingedof Element topology matrix [nbr_elem×7℄enod Node topology matrix [nbr_elem×4℄ex Element x-
oordinates [nbr_elem×3℄ey Element y-
oordinates [nbr_elem×3℄nbr_dof Number of degrees of freedomnbr_el Number of elementsnbr_node Number of nodesplot_dof Degree of freedom used for plotting
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A.2 Hints1) From f = f(σ(2), K(2)) = 0 it is possible to derive a 
onstraint that 
an beused to �nd the in
rement ∆λ;
(σt

11 + σt
22)

2

(2 + ∆λE
(1−ν)σy

)2
+

3(σt
11 − σt

22)
2 + 12(σt

12)
2

(2 + 3∆λE
(1+ν)σy

)2
− σ2

y = 0Note, the report should 
ontain a derivation of this expression in order toget maximum number of points on the assignment. It is allowed to useMaple in order to simplify and identify that you have arrived at the sameexpression. Note that σy in the expression above should be 
al
ulated in
urrent state.2) In order to simplify the integration of the variables, the von Mises yield
ondition 
an be written as (verify this!);
f =

√

3

2
σ

TPσ − σy = 0where P is a matrix that maps the stresses σ to the deviatori
 stresses s,i.e. s = Pσ. The matrix P is given by;
P =

1

3





2 −1 0
−1 2 0
0 0 6



3) To plot the stress distribution, the stresses needs to be interpolated to thenodes. This 
an be done in the following manner;for i=1:nbr_node[
0,
1℄=find(enod(:,2:4)==i);eff_nod(i,1)=sum(eff_el(
0))/size(
0,1);endwhere eff_nod and eff_el is the von Mises e�e
tive stress at nodal pointsand in the elements respe
tively. The matrix enod 
ontains the nodal 
on-ne
tivity and is in
luded in the supplied geometry �le. The e�e
tive stressis then extra
ted element wise (in the same way as the displa
ements are)to the matrix edeff whi
h 
an be used to draw 
ontour-plots in Matlabwith the 
ommand fill; 6



fill(ex',ey',edeff');4) In order to solve the 
onstraint for ∆λ the 
ommand fzero in Matlab 
ouldbe used.5) You 
ould use a modi�ed Newton-Raphson s
heme to solve the problem, i.e.use the elasti
 tangent sti�ness instead of Dats. The 
onvergen
e will thenbe impaired but it 
ould be useful when developing your program. Notethat for a maximum number of points on the assignment you will need touse the full Newton-Raphson.Have fun!
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