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FAILURE AND INITIAL YIELD CRITERIA
�

�

initial yield �yo"failure" �f
Determination of "failure" and initial yielding is(almost) trivial for uniaxial loadingWhat about general 3D-loading?f(�ij) = 0

Coordinate system arbitrary) f = 0 in all 
oordinate systems) f is an invariant { a s
alarf is an invariantfor example: f(�ij�ij) = 0 Div. of Solid Me
hani
s, Lund University

ISOTROPIC MATERIALSIn general f(�ij) = 0 or f(�1; �2; �3;n1;n2;n3) = 0.Isotropi
 material 
annot depend of the 
hoosen
oordinate systemf(�1; �2; �3) = 0or f(I1; I2; I3) = 0where I1 = �ii, I2 = 12�ij�ji and I3 = 13�ij�jk�kiWe want to seperate hydrostati
 stress fromdeviatori
 stressesAlternatively f(I1; J2; J3) = 0where J2 = 12sijsji and J3 = 13sijsjkskif(I1; J2; 
os 3�) = 0
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HAIGH-WESTERGAARD COORDINATESYSTEM { GEOMETRICALINTERPRETATION OF STRESS INVARIANTS

�3
�1

�2
O n Nhydrostati
axis� �P �1

�2 �3
P� N�Deviatori
 planeInstead of 
oordinates (�1; �2; �3)we may use 
oordinates (�; �; �)� = nTOP = 1p3 [1 1 1℄2664 �1�2�3

3775 = I1p3

ON = �n = I1p3 1p3 2664 111
3775 = I13 2664 111
3775

NP = OP �ON = 2664 �1�2�3
3775� I13 2664 111
3775 = 2664 s1s2s3
3775

� = p2J2 
os 3� = 3p3J32J3=22 Div. of Solid Me
hani
s, Lund University

ISOTROPIC MATERIALSf(�1; �2; �3) = 0f(I1; I2; I3) = 0f(�; �; 
os 3�) = 0f(I1; J2; 
os 3�) = 0
9>>>>>=>>>>>; equivalentexpressions

Espe
ially 
onvenientf(I1; J2; 
os 3�) = 0

hydrostati
stress amount of de-viatori
 stress
dire
tion ofdeviatori
stress

de
oupling e�e
ts
os 3�-term ) symmetry properties



Div. of Solid Me
hani
s, Lund University

SYMMETRY PROPERTIESIn deviatori
 plane I1=
onstantf(I1; J2; 
os 3�) = 0�1
�2 �3

�� + 120Æ


os 3�= 
os(3� + 360Æ)= 
os 3(� + 120Æ)120Æ period

�1
�2 �3

� ��

os 3� = 
os 3(��)symmerty about �=0(symmetry about �=120Æand �=240Æ)

�1
�2 �3

60Æ �  60Æ +  
60Æ 
os 3(60Æ �  )= 
os(180Æ � 3 )= 
os(�3 )= � 
os 3 
os 3(60Æ +  )= 
os(180Æ + 3 )= � 
os 3 symmetry about �=60Æ Div. of Solid Me
hani
s, Lund University

SYMMETRY PROPERTIESIn deviatori
 plane I1=
onstantf(I1; J2; 
os 3�) = 0�1
�2 �3

Complete general properties(+
onvexity; exp. fa
t.)
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GENERAL EXPERIMENTAL EVIDENCE�1
�2 �3Dev. plane = planeperpendi
ular to thehydrostati
 axis, I1
onstant

I1p3
p2J2

Meridian plane =plane 
ontaining thehydrostati
 axis, �
onstantMETALS, STEELYielding independent onhydro. stress I1f(J2; 
os 3�) = 0 I1p3
p2J2

CONCRETE, SOILS, ROCKSFailure depends stronglyon I1f(I1; J2; 
os 3�) = 0
os3� strong in
uen
e I1p3
p2J2tensile
ompression

Div. of Solid Me
hani
s, Lund University
METALS AND STEELNo in
uen
e of I1f(J2; 
os 3�) = 0If �ij same result as ��ij (tension = 
ompression),
os 3�-term shows 30Æ-symmetry�1

�2 �3

symmetry line30Æ
2

σ
3

1

Lower
bound

Upper bound

Circle

σ

σ

We fo
us on lower bound and 
ir
le
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METALS AND STEELvon Mises
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METALS AND STEEL, EXPER.Taylor & Quinney (1931)
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CEMENTITIOUS MATERIALSf(I1; J2; 
os 3�) = 0Simplest possible (S
hlei
her (1926))f(I1; J2) = 0Linear expression (Dru
ker & Prager (1952))pJ2 + �I1 � � = 0�1
�2 �3 I1p3

p2J2

Convenient mathemati
al expressionUse it with 
areVery poor - ex
ept for small fri
tion angles
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4-PARAMETER CRITERIONAJ2�
 + �(�)pJ2�
 +B I1�
 � 1 = 0where�(�) = 8<: K1 
os[ 13ar

os(K2 
os 3�)℄ 
os 3� � 0K1 
os[�3 � 13ar

os(K2 
os 3�)℄ 
os 3� � 0Parameters A, B, K1 and K2.

If A = K2 = 0 ) Dru
ker & PragerIf A = B = K2 = 0 ) von Mises�1
�2 �3 I1p3

p2J2
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4-PARAMETER CRITERION{CONCRETE{
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ANISOTROPIC CRITERIAIn general f(�ij) = 0 is an invariantAssume: initial yield independent on hydro-stati
 stressAssumesijPijklskl � 1 = 0 or sT ^Ps� 1 = 0where sT = [s11 s22 s33 s12 s13 s23℄Choose Pijkl = 34�2yo (ÆikÆjl + ÆilÆjk)in matrix format (where s11 + s22 + s33 = 0 is used)

^P = 12�2yo
26666666664

2 �1 �1 0 0 0�1 2 �1 0 0 0�1 �1 2 0 0 00 0 0 6 0 00 0 0 0 6 00 0 0 0 0 6
37777777775

) 32�2yo sijsij � 1 = 0i.e. von Mises 
riteria
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ANISOTROPIC CRITERIAConsider (von Mises (1928))�ijPijkl�kl � 1 = 0 or �TP� � 1 = 0It turns out that P = P T , i.e. 21 parameters

P =
26666666664
A �F �G P14 P15 P16�F B �H P24 P25 P26�G �H C P34 P35 P36P14 P24 P34 2L P45 P46P15 P25 P35 P45 2M P56P16 P26 P36 P46 P56 2N
37777777775

Assume: Orthotropy (3 symmerty planes)

P =
26666666664
A �F �G 0 0 0�F B �H 0 0 0�G �H C 0 0 00 0 0 2L 0 00 0 0 0 2M 00 0 0 0 0 2N
37777777775

9 parameters to determine.
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ANISOTROPIC CRITERIAAssume: Yielding should only depend on deviatori
stresses, split stresses � = s+ esTPs+ (2sT + e)Pe� 1 = 0sin
e e and s are independentPe = 0sTPs� 1 = 0Constraint Pe = 0 A� F �G = 0�F +B �H = 0�G�H + C = 0Orthotropy { only in
uen
e of deviatori
 stresses

P =
26666666664
F +G �F �G 0 0 0�F F +H �H 0 0 0�G �H G +H 0 0 00 0 0 2L 0 00 0 0 0 2M 00 0 0 0 0 2N
37777777775

6 parameters, Hill (1948,1950)
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ANISOTROPIC CRITERIA{ CALIBRATION {We found sTPs� 1 = 0 orF (s11 � s22)2 +G(s11 � s33)2 +H(s22 � s33)2+2Ls212 + 2Ms213 + 2Ns223 � 1 = 0Need to determine 6 parametersUniaxial test 1-dire
tion�11 6= 0 �ij = 0 otherwiseFrom sij = �ij � �kkÆij=3s11 = �11 � 13�11; s22 = �13�11; s33 = �13�11) F�211 +G�211 � 1 = 0Assume yielding starts at �11 = �11yoF +G = 1(�11yo)2In the same manner, uniaxial loading in 2 and 3dire
tionsF +H = 1(�22yo)2 G+H = 1(�33yo)2 Div. of Solid Me
hani
s, Lund University

ANISOTROPIC CRITERIA{ CALIBRATION {We foundF+G = 1(�11yo)2 F+H = 1(�22yo)2 G+H = 1(�33yo)2Three parameters, three equationsF = 12 h 1(�11yo)2 + 1(�22yo)2 � 1(�33yo)2 iG = 12 h 1(�11yo)2 � 1(�22yo)2 + 1(�33yo)2 iH = 12 h� 1(�11yo)2 + 1(�22yo)2 + 1(�33yo)2 iNext, applying shear stress �12 onlys12 = �12 �ij = 0 otherwiseHill's yield 
riterion2Ls212 � 1 = 0Assume yielding starts at s12 = �12 = �12yo, i.e.L = 12(�12yo)2In the same manner for the 2 other paramatersM = 12(�13yo)2 N = 12(�23yo)2
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ANISOTROPIC CRITERIAHill's ortotropi
 yield 
riterion (1948,1950)F (s11 � s22)2 +G(s11 � s33)2 +H(s22 � s33)2+ 2Ls212 + 2Ms213 + 2Ns223 � 1 = 0If F = G = H = 12�2yoL =M = N = 32�2yo
9=; von Mises

In generalF = 12 h 1(�11yo)2 + 1(�22yo)2 � 1(�33yo)2 iG = 12 h 1(�11yo)2 � 1(�22yo)2 + 1(�33yo)2 iH = 12 h� 1(�11yo)2 + 1(�22yo)2 + 1(�33yo)2 iL = 12(�12yo)2 M = 12(�13yo)2 N = 12(�23yo)2Restri
tions on degree of orthotropy4(�11yo)2(�22yo)2 > � 1(�33yo)2 � 1(�11yo)2 � 1(�22yo)2 �2The reason is? We have assumed a quadrati
 form
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HILL'S CRITERIONLet material axes of orthotropy 
oin
ide with theprin
ipal axes

2 σ3

1σ

σ

-0.5

R= 5
3
1

R= -0.6

where �11yo = �22yo (�33yo)2 = 12(�11yo)2(1 +R)For R = 1 ) von MisesProblems when R! � 12
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ANISOTROPIC CRITERIA{ CALIBRATION PAPERBOARD {From Persson (1991) we have�11yo = 12MPa �22yo = 6MPa �33yo = 0:11MPaParameters in Hill's 
riterionF = 12 h 1(�11yo)2 + 1(�22yo)2 � 1(�33yo)2 i = �49:9826G = 12 h 1(�11yo)2 � 1(�22yo)2 + 1(�33yo)2 i = 49:9896H = 12 h� 1(�11yo)2 + 1(�22yo)2 + 1(�33yo)2 i = 50:014�1
�2 �3Restri
tions on degree of orthotropy4(�11yo)2(�22yo)2 > � 1(�33yo)2 � 1(�11yo)2 � 1(�22yo)2 �2 Div. of Solid Me
hani
s, Lund University

ANISOTROPIC YIELD CRITERIAWe have in general f(�ij) = 0Example: Assuming orthotropy�ijPijkl�kl�1 = 0 or �TP��1 = 0where
P =

26666666664
A �F �G 0 0 0�F B �H 0 0 0�G �H C 0 0 00 0 0 2L 0 00 0 0 0 2M 00 0 0 0 0 2N
37777777775

Assuming orthotropy and pressure independent,Hill (1948,1950)sijPijklskl � 1 = 0 or sTPs� 1 = 0Generalize�ijPijkl�kl + �ijqij � 1 = 0or�TP� + �Tq � 1 = 0Tsai-Wu anisotropi
 yield 
riterion (1971)


