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SIMPLIFIED MODELS
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DEFINITIONS

�

�
�yo�y

�p�yo = initial yield stress�y = 
urrent yield stress

�yo ! initial yield fun
tion�y ! 
urrent yield fun
tionThe manner in whi
h the 
urrent yield fun
tionevolves with plasti
 deformation is 
alled thehardening rule Div. of Solid Me
hani
s, Lund University

HISTORY DEPENDENCE
�

��(2)
�(1)

�
same �{ two di�erent �no unique relationbetween � and �

MISSING INFORMATION
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DEFINITIONS CONT.Initial yield surfa
e F (�ij) = 0Current yield surfa
ef(�ij ; K�|{z}hardening parameters) = 0

K� = fK1; K2; � � � gK� = 0 initiallyf(�ij ; 0) = F (�ij)

Hardening rule =rule for how the yield surfa
e 
hanges with theplasti
 loadingChoi
e of hardening parameters =
hoi
e of hardeing rule Div. of Solid Me
hani
s, Lund University
DEFINITIONS CONT.Internal variables�� = f�1; �2; � � � g�� 
hara
terizes the state of the elasto-plasti
materialInternal variables = state variables�� = 0 initiallyExample: 
hoose �pij as internal variablesK� = K�(��)i.e. _K� = �K���� _��

_�� = 0 for elasti
 behaviour) _K� = 0 for elasti
 behaviour
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IDEAL PLASTICITY

�

��yo
Yield stress una�e
ted by plasti
ityGeneralization�1

�2 �3 I1
pJ2

Current yield surfa
e �xed in stress spa
eF (I1; J2; 
os3�) = 0 (isotropi
)or f(�ij ; K�) = F (�ij) = 0no dependen
e on hardening parameter Div. of Solid Me
hani
s, Lund University

ISOTROPIC HARDENINGShape an position remain �xed { but sizeof yield surfa
e 
hanges with the loadingvon Mises: �1
�2 �3Initial yieldsurfa
e F = 0


urrent yieldsurfa
e f = 0

I1
pJ2

F = 0f = 0

Initial yield surfa
e:F (�ij) = p3J2 � �yo = 0Current yield surfa
e:f(�ij ;K) = p3J2 � �yo �K = 0i.e. f(�ij ; K)| {z }
urrent = F (�ij)| {z }initial �K = 0
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ISOTROPIC HARDENINGvon Mises: �1
�2 �3F = 0

f = 0 I1
pJ2

F = 0f = 0

Current yield surfa
e 
an be writtenf(�ij ;K�) = F (�ij)�K = p3J2 � �yo �K = 0K determines the expansion of the yield surfa
ei.e. uniform (=isotropi
) expansion of yield surfa
eE�e
ts of reversed loading

�
�

a
a

�yo i.e. 
urrent yield stress in tension=
urrent yield stress in 
ompression
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IN REALITY { FOR STEEL
�

��yo


urrent yield stress in tension 6= 
urrent yield stressin 
ompression
Bau
hinger-e�e
t
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KINEMATIC HARDENING
�

�
�yo �yo

�yo �

Size of 
urrent yield surfa
e is 
onstant= kinemati
 hardeningvon Mises �1
�2 �3F = 0

�ij
f = 0


urrent yield surfa
e 
an be written asf(�ij ;K) = F (�ij��ij) = 0; K = f�ijg"ba
k-stress" { depends on plasti
 history Div. of Solid Me
hani
s, Lund University
MIXED HARDENINGvon Mises �1

�2 �3F = 0
�ij

f = 0


urrent yield surfa
e moves (kinemati
) andexpands (isotropi
) =mixed hardening
urrent yield surfa
e 
an be written asf(�ij ;K�) = F (�ij � �ij)| {z }kinemati
 � K|{z}isotropi
 = 0

i.e. K� = f�ij ;Kg
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DISTORTIONAL HARDENING {ANISOTROPIC HARDENING
yo

Subsequent
yield curves  f=0

Initial yield
curve  F=0
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ombined torsion and tension tests Ivey (1961)
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DISTORTIONAL HARDENING {ANISOTROPIC HARDENING
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ombined torsion and tension tests Phillips andTang (1972)
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CONSTITUTIVE RELATIONS

In general �ij = �eij + �pijHookes laws�ij = Dijkl�ekl or �eij = Cijkl�klWe need an expression for �pij in the formd�pij =?or _�pij =?
Metals and SteelPlasti
 strains:� no in
uen
e of I1only deviatori
 stressesin
uen
e plasti
ity� volumetri
 behaviour �ii = �eii + �pii is elasti
�pii = 0 Div. of Solid Me
hani
s, Lund University

HYPER-ELASTICITY
�

� C C=
omplementary strainenergyC = C(�ij)strain tensor 
an be derived from the potential C�ij = �C��ij
�ij

�ij = �C��ijNormality prin
iple

C =
onstantC(�ij) is 
onvex if �2C��ij��kl is positive de�niteC is 
onvex
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EVOLUTION OF PLASTIC STRAINSGood arguments for
_�pij = _� �f��ij ; _� � 0 asso
. plasti
ity

but no fundamental prin
iple

_�pij = _� �g��ij ; _� � 0 non-asso
. plasti
ity

is a

eptable
(more possibilities?)
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DRUCKER'S POSTULATE (1951)

�

�d�
��

C
DA

B PostulateZABCD(�ij���ij)d�ij � 0during a stress 
y
le

using � = �eij + �pij and trapezoidal rule(�ij � ��ij)d�pij + 12d�ijd�pij � 0Choose �ij = ��ij ) d�ijd�pij � 0i.e. it also follows that (�ij � ��ij)d�pij � 0
�

�

d�|{z}<0 d�p|{z}>0 � 0 Contradi
tion

Postulate holds for hardening materials
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DRUCKER'S POSTULATE (1951)We found (�ij � ��ij)d�Pij � 0
�ij��ij�ij � ��ij d�pij ��ij arbitrary inside or on theyield surfa
e

�ij � ��ij
d�pij 
annot o

ur ) Convexity ofyield surfa
e

If yield surfa
e is smooth _�pij � �f��ijnormality ) _�pij = _� �f��ij
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EVOLUTION OF PLASTIC STRAINSWe found Dru
ker's postulate(�ij � ��ij)d�pij � 0
onvexity and normalityDerived by Dru
ker assuming hardening andRABCD(�ij � ��ij)d�ij � 0But it holds even for ideal and softening plasti
ityPostulate (�ij � ��ij)d�pij � 0von Mises (1928), Taylor (1947), Hill (1948)implies 
onvexity and normality for hardening,ideal and softening plasti
ity
�ij��ij d�pij De�ne D = �ijd�pijD� = ��ijd�pijD � D�postulate of max. plasti
dissipation
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CONSISTENCY RELATIONWe found _�pij = _�|{z}? �g��ij
�ij

�ij + d�ij
f(�ij ;K�) = 0

f(�ij + d�ij ; K� + dK�) = 0

f = 0 during plasti
 loading
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USE OF CONSISTENCY RELATIONWe foundyield 
riterionf(�ij ; K�) = 0 
ow rule_�pij = _� �g��ijConsisten
y relation _f = 0�f��ij _�ij + �f�K� _K� = 0But K� = K�(��)�f��ij _�ij + �f�K� �K���� _�� = 0Evolution laws, _�� must depend on _�pij_�� = a�( _�pij; K�) = a�( _�; �g��ij ; K�)homogenous in time_�� = _� k�(�ij ; K�)| {z }evolution fun
tion(that we 
hoose)�f��ij _�ij + �f�K� �K���� k�| {z }�H = generalized plasti
 modulus_� = 0
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STRESS DRIVEN FORMATWe found�f��ij _�ij �H _� = 0; H = � �f�K� �K���� k�i.e. _� = 1H �f��kl _�kl (H 6= 0)Evolution of plasti
 strains_�pij = 1H �g��ij �f��kl _�klHooke's law _�eij = Cijkl _�klTotal strain rate _�ij = _�eij + _�pijor _�ij = (Cijkl + 1H �g��ij �f��kl ) _�kl
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CONSTITUTIVE RELATIONS FORELASTO-PLASTICITYTotal strain �ij = �eij + �pijHooke's law �eij = Cijkl�klFlow rule _�pij = _� �g��ij _� � 0where g = g(�ij ;K�)Yield fun
tion f = f(�ij ;K�)during plasti
 loading f = 0.Hardening laws K� = K�(��)Evolution laws _�� = _�k�where k� = k�(�ij ;K�)
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VON MISES ISOTROPIC HARDENINGYield 
riteriaf(�ij ;K) = p3J2 � �yo �K = 0de�ne �y(�) = �yo +K(�)f = p3J2 � �y(�) = 0Flow rule (ass. plast. ) f = g)_�pij = _� �f��ij = _�3sij2�yDe�ne rate of e�e
tive plasti
 strain_�peff = �23 _�pij _�pij�1=2 ) _�peff = _�De�ne e�e
tive stress�eff = p3J2 =r32sijsijIt then follows that the rate of plasti
 work 
an bewritten as _W p = �ij _�pij = �eff _�peffand the yield 
riteria asf = �eff � �y(�) = 0 Div. of Solid Me
hani
s, Lund University

VON MISES ISOTROPIC HARDENING, CONT.Choi
e of internal variable �

dL = (d�pijd�pij)1=2�pijO P C

plasti
 strain spa
e

Ar
 lengthOPC = Z CO dL = Z CO (d�pijd�pij)1=2 =r32 Z CO d�peffDe�ne �peff = Z CO d�peffexpresses the plasti
 strain historyChoose the evolution law_� = _�peff ) k = 1strain hardening Odquist (1938)
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VON MISES ISOTROPIC HARDENING, CONT.Identifying the hardening law, uniaxial tension[�ij ℄ = 2664 � 0 00 0 00 0 0
3775Deviatori
 stresses I1 = �[sij ℄ = [�ij ℄� 13 I1[Æij ℄ = 2664 23� 0 00 � 13� 00 0 � 13�

3775E�e
tive stress�eff =r 32 (s21 + s22 + s23) = �Flow rule[ _�pij ℄ = _� 32�y 2664 23� 0 00 � 13� 00 0 � 13�
3775 = _�2664 1 0 00 � 12 00 0 � 12
3775Rate of e�e
tive plasti
 strain_�peff =r 23 (( _�p11)2 + (_�p22)2 + (_�p33)2) = _� = _�p11 = _�p = _�For uniaxial loading � = �pK = K(�p)
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VON MISES ISOTROPIC HARDENING, CONT.Identifying the hardening law, uniaxial tension�eff = � �peff = �pYield fun
tionf = � � �yo �K(�p)| {z }�y = 0
�p = �peff

� = �y
�yo�y +

+
+ +

+ +K(�p) + exp. data
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VON MISES PROPORTIONAL LOADING�1
�2 �3

��ij��ij
�ij = �(t)��ijsij = �(t)s�ij�kk = �(t)��kk�eff = �(t)��eff

During plasti
 loading_�pij = _� 3sij2�eff = _� 3s�ij2��effIntegration�pij = � 3s�ij2��eff = � 3sij2�eff = epijE�e
tive plasti
 strain�peff = �Isotropi
 elasti
ity�ekk = 13K�kk eeij = 12Ge sij
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VON MISES PROPORTIONAL LOADINGTotal strain �kk = �ekk + �pkk = �kk3Keij = eeij + epij = � 12Ge + 3�peff2�eff � sijor �kk = 3K�kksij = 2Geijwhere K = 
onstantG(J2) = 12 112Ge + 3�peff2�effwhere we used that �eff = �eff (�peff ) = p3J2Deformation plasti
ity or Nonlinear isotropi
Hooke formulationHyper-elasti
ity?��J2 ( �C�I1 ) = ��I1 ( �C�J2 )�kk3 ��J2 ( 13K ) = ��I1 ( 12G )


