GENERAL EXPERIMENTAL EVIDENCE

Bauschinger-effect
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GENERAL EXPERIMENTAL EVIDENCE

Strain cyclings

cyclic hardening cyclic softening
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GENERAL EXPERIMENTAL EVIDENCE

Strain cyclings between unsymmetric strain values

Ea €g

Stress cycling between unsymmetric stress values

Ae  =ratchetting strain
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GENERAL EXPERIMENTAL EVIDENCE,
PAPERBOARD

Strain cyclings between unsymmetric strain values
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Stress cycling between unsymmetric stress values
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GENERAL EXPERIMENTAL EVIDENCE
Triaxial compression of concrete
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GENERAL EXPERIMENTAL EVIDENCE

Hydrostatic compression of concrete 01 = 02 = 03 <0
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ISOTROPIC HARDENING OF VON MISES

MATERIAL
We have
Oij = Dz‘efklékl
where
1 dg Of
Dep = Dz — _Di's ~ Dmn
17kl Jjkl A J tao_st agmn kl
and
dg of
A=H D;;
+ aO'ij gkl 80’kl
von Mises — isotropic hardening
g=1rf= Esijsij — Oyo =0

where
Uy(’f) = Oyo T+ K("?)

Isotropic elasticity
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ISOTROPIC HARDENING OF VON MISES

MATERIAL

Unsymmetric loading

unsymmetric stress cycling unsymmetric stress cycling

a) b)

no ratchetting no mean stess relaxation
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ISOTROPIC HARDENING OF VON MISES
MATERIAL

Nonlinear isotropic hardening

, isotropic 0,
hard.
N\ model
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KINEMATIC HARDENING OF VON MISES
MATERIAL

f(Uij,Ka) = F(JQ) =0

where

_ 1_ _ 1 d d
Jo = 58ii8i = 5(%‘ — o) (siy — o)

or

f= \/%(Sij —al)(sij —ad) =0y =0

Assume Melan (1938)-Prager (1955) evolution law
for back-stress

. 7
Flow rule
d
o3 of )\3(32'3' aij)
v 80'¢j 20yo
i.e.
.d
Qij = Qyj

purely deviatoric

Generalized plastic modulus

H:gc
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KINEMATIC HARDENING OF VON MISES
MATERIAL

[llustraition of Melan-Prager’s evolution law

Current yield

surface \\

Initial yield

surface \
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KINEMATIC HARDENING OF VON MISES MATERIAL

o
s
S
w0
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£l We have
9 _ _
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ijkl — 1]
s ! A o}
| or in matrix format
o
g I _ o o o _ _
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KINEMATIC HARDENING OF VON MISES
MATERIAL

Symmetric cyclic loading

symmetry
point

€
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MIXED HARDENING OF VON MISES
MATERIAL

Linear hardening

o
A
T
o] _
v g,
Oy 1
g Oy
/I - 8p
. . / s B
kinematic, m=0

redlity ..~
mixed, m=0.3

isotropic, m=1
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MIXED HARDENING OF VON MISES
MATERIAL

, , _ THE MROZ MODEL
Symmetric cyclic loading

Multilinear approximation of uniaxial response

o
Real response
Tqy2 /
Y
Hy

oy1 H,
€ H,

Oyo

Position of von Mises surfaces

o1
Hy — B f2 -
A 2
H fi \/E 30y2
' fo 2oy V2T
H,
O

o3
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THE MROZ MODEL

Increasing unaxial loading

.

Oy2 B

THE MROZ MODEL

Reversed unaxial loading

b)
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BOUNDING SURFACE MODELS

bounding surface

e

—0Oya

Overshooting effect

bounding surface

Tho B

FyolA -

ep

—0oya

bounding surface
—Cka
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ARMSTRONG-FREDRICK’S MODELS
— Mixed hardening —

Prediction of mixed hardening

o
Tyo + oo + Keo
Oyo
2oyo
e?
m=0
m=0.3
-0y
m=1
—
””” —(oyo + oo + Koo)
Load reversal
ggj()f;j >0 ggj(lﬁij < 0
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ARMSTRONG-FREDRICK’S MODELS

Symmetric cyclic loading, pure kinematic

hardening

a a

f 7 NP ARMSTRONG-FREDRICK’S MODELS

Kinematic hardening unsymmetric cyclic loading
4 a ¢ ¢ ¢ ¢ s
I L
) A T
- 5 & e
Symmetric cyclic loading, mixed hardening
o P // OB -mmmmme el

I .
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ARMSTRONG-FREDRICK’S MODEL

—von Mises, nonlinear kinematic hardening—
Yield function (assuming plasticity)

3 1/2
f= <5Sz’jsz‘j> —0yo =0 8ij = 8ij — Qj

evolution law of A-F

) 2, Qij .
Qi = h(gefj T esz)
o0

Flow rule
e = 3 9L 53 5
J 80'ij 2 Oyo

Effective plastic strain rate

9 1/2 _
P — D :P —

Generalized plastic modulus

: of ., of

f 80ijaj+8aijaj
of . of ,,2. Qij .
G h(=¢P. — 2P VY=0
00ij i 0 (36” Qoo érr)

of

- : 8f Sij Qij 1
00ij Gij + A [8aij h(ayo Qoo )1=0

N J/

—H
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ARMSTRONG-FREDRICK’S MODEL

—von Mises, nonlinear kinematic hardening—

We found

where
af 3 8y
804”- 2 Oyo
i.e.
H = n(1— 5 56%5
2 0yoloo

Generalized plastic modulus is not constant,

different values depending on load direction

o3

02
Sij Qi > 0 SijQj < 0
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ELASTO-PLASTIC STIFFNESS TENSOR
~CORRESPONDING MATRIX FORMAT-

Yield function
f=floi;, K%)
)

hardening parameters

Kinematics

o C p
€ij = €;; —{—eij

Hooke’s law 0;; = D;iri1€%;, D;ir1 is constant, i.e.
J 7 kl» 7 )

0ij = Dijri(ért — €5))

Flow rule
99

éij = A
J 80’@']‘

g=g9(0ij, K%)
i.e.
dg

dij - Dijklékl - )\DijStE
S

Consistency f = (0 during plastic loading, i.e.

. Of . 0
F= gortu aica

K*=0
80’,'3'
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ELASTO-PLASTIC STIFFNESS TENSOR
—~CORRESPONDING MATRIX FORMAT-

We found
. ) : 0
0ij = Dijriéri — )\Dijst% (1)
st
and
. of . of - a
Moreover
K* = K*(s%), ie. K= %Lﬁn‘:‘* (3)
K

t

internal variables

Evolution law for &

/%:B = )\ k'B(O'ij, Ka)
—_————
evolution function (that we choose

Insertion in (3)

Ko = 39K

— 2
OKP

into (2)

of . of OK®

L 5i A =0
80,'j0j + OKa OkP
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ELASTO-PLASTIC STIFFNESS TENSOR
~CORRESPONDING MATRIX FORMAT-

We found
0ij = Dijri€rr — }\Dijst%
and
of . . Of 0K 5

905,79 T 9K P

Define the generalized plastic modulus

_ 0f OK“* 4
H= 0K~ OkP K
then
ﬁdij —~H\A=0
601-]-
Using (1) yields
of : . Of 9y
—-—Dij —Mz—Dijst 77—+ H)=0
B0+ kL €kl (&nj ity + H)
where
of dg
A= D H
8aij J tadst + > 0
i.e.
: 1 of .
A= ZﬁDuklekl
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ELASTO-PLASTIC STIFFNESS TENSOR
—CORRESPONDING MATRIX FORMAT-

We found

) ) ‘ 0

0ij = Dijriérs — )\Dijst%

st

and

. 1 of )

A= ——"D;;

A 90, jkLEKL

In conclusion (strain driven format)

L ep .
0ij = Djp€ri

where
. 1 dg Of
Di;)kl - Dijkl - ZDijstEEDmnkl
where
of Jg
A= D H>0
80’ij J taast + >
and
of OK* 4

~ T OK® 0P
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ELASTO-PLASTIC STIFFNESS TENSOR
~CORRESPONDING MATRIX FORMAT-

General remarks

< _ EP
Oij = Dijklekl

where
e 1 dg Of
Digpkl - Dijkl - ZDijstﬁst%Dmnkl
where
of dg of 0K® ;3
A= D H, H=— k
Doy Do oK 9P

Having chosen f and g, it is the quantity H that is

of importance

Route 1:
. Ko
Choose K* = K*(k”), i.e. K* = %?/%;ﬂ
Choose & = \k?
. .3 {OK™ 3
ie. K" = Er k
Route 2:
Choose directly K" = )\%Lﬁkﬂ = Munction
K
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ELASTO-PLASTIC STIFFNESS TENSOR
—~CORRESPONDING MATRIX FORMAT-

Elasticity
0ij = Dijri€r

Matrix format

o — De
where
( o11 | [ e11 ]
D D A D
oo €90 11 12 16
D21 D22 PR D26
o €
o=|"] e=|"* D-
o12 2€12
L g13 2e13 D61 D62 .. D66
023 L 2€23

If the tensor equation (elasto-plasticity)
Oij = nyj'oklékl

then in a completely similar manner we obtain
o= D¢

What happens if f and g are not expressed in o;;
but in o7 (the case with the classical anisotropic

von Mises case, f = 6’ Po — 1)
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ELASTO-PLASTIC STIFFNESS TENSOR
~CORRESPONDING MATRIX FORMAT-

In tensor notation

aO'ij
In matrix notation
) < 0
el = )\—f
oo
where —as usual-
- o -
€11
p
€92
€
e’=|
2612
p
2613
P
L 2e55

What do we mean by %?

We have that

) < Of ) < Of
P _ P _
€19 = )\8012 and €5, = )\8021

Taking advantage of the symmetry properties we
find
0 0

f o of

Joi2 0021

2eP, = \(

ELASTO-PLASTIC STIFFNESS TENSOR
~CORRESPONDING MATRIX FORMAT-

Using symmetry

2, = A1 2L

do1z  doa
If advantage is take of the symmetry of the stress
tensor, we do not —for instance— differ between o2
and 021, we treat them as the same quantity, i.e.

. Of

2¢P, =\

€12 019
Let us then define
- 8f
0o11
of
0022
| of
0 )
O _| 0o and =32
oo of oo

0012
of
0013
of

B 80'23 _
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ELASTO-PLASTIC STIFFNESS TENSOR
~CORRESPONDING MATRIX FORMAT-

Example: usual von Mises isotropic hardening
3 1/2
f= <—Sz’j8ia‘> — Oy
2
Written explicitly

3 1/2
f= (5(3% ‘|’5;2 +5§3+5?2+5§1 +3?3 "’331 ‘|’5;3 +5§2)> — Oy

for instance

. 0 3
€l = A / = 2
80’12 20'y

If advantage is taken of the symmetry of the stress
tensor, then

? 3, 2 2 2 2 2 2 1/2
f:(5(511+522+533+2512‘|’2513+2523) — Oy

i.e.

8f o 3812

80'12 O'y

28, = A
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ELASTO-PLASTIC STIFFNESS TENSOR
~CORRESPONDING MATRIX FORMAT-

In conclusion, the case
0ij = Dijri€r
where
1, 99 of

Di%y = Dijri — — Dijst 57—
15kl J J ao_st agmn

A

mnkl

is equivalent with

6 = D¢

where

A OJo

N\ T
DeP:D—lD@<8f> D

and

N T
_[9f 99
A_<80'> D80'+H
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WEAK FORM OF EQUATIONS OF MOTION
~PRINCIPLE OF VIRTUAL WORK-

Divergence theorem

/cj,jdV:/cjnde
1% S

Equations of motion

oij; + bi = pi;

Multiply by and

integrate

/UiO'ij,jdV—I-/vibidV:/pﬂidV
1% 1% 1%

Note that ViOij,j = (UZ'O'Z'j),j — V;,j045

/’Uia'ijyjdV:/(UiO'ij)jdV_/ vi,jo’ijdv
\4 \% \4
— —

/ Vi 0415 dS
S NS

t;

/vitidS—/ Ui,jO'ijdV—{-/ ’UzbldV:/ p’l)ZUde
S 1% 1% 14

WEAK FORM OF EQUATIONS OF MOTION
—PRINCIPLE OF VIRTUAL WORK-

/pviﬁidv—l—/ UiyjaijdV: /vitidS%—/ v;b;dV
1% 1% \S 1% ,

~”

holds for all materials

Define

L1
€ = 5(%’,;’ + vj,i)

v
= 0;,j0ij = €;;0ij

/pvi’ilidV/ EijdijdV:/vitids+/ v;b;dV
1% 1% S 1%

Define the matrices

v n r v 7
(611 911
v v
€22 T29
V1 ul t] bl v v
€ o
v 33 33
U= [v2 U= (uq t=|to b= bo € — v o= »
b 2eq5 912
v3 us t3 3 » y
ffls 913
v v
2653 L0 23

/va'ildV+/(e”)TadV:/thdS+/ v bdV
14 14 S \4
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FINITE ELEMENT FORMULATION

We found

/p’uT'&dV—l—/(e”)TJdV:/thdS—l—/ v’ bdV
14 14 S Vv

FE-approximation

u(zk,t) = N(zr)a(t) = € = Ba

Galerkin approach

v=Nc = €' = Be

where c is arbitrary and does not depend on
position

[/ pNTwdV +/ BT odv f/ NTtds f/ NdeV} -0
‘Lv A% s A%

itrary

/ oNTadv+ / BlgdV = / NTtdsS + / NTbdv
\4 \% \S \%

-~

Inertia term

it=Na = /pNTNdVd:Md
\%

J/

-~

Md—l—/ B'odV = f

v
holds for all materials
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FINITE ELEMENT FORMULATION

We found
Ma + / BTgdV = f
v

where

M = / pNTNdV = / NTtdS+ / NTbdv
\4 S |4

Static problems a = 0

Y =0 equilibrium equations

where

¢:/VBTadV—f

This is a global problem

Integration along load path of

o = D¢

This is a local problem (should be solved at each
material point irrespective of what happens in

neighbouring points)
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FULL NEWTON-RAPHSON SCHEME

- Initiation of quantities

ao; €; oo0; foi; Fine

- For load step n = 0,1,2,....Npax
- Determine new load level f,

- Initiation of iteration quantities
0

a :=an,
- Iterate i = 1,2, ... until |YP|norm = |Fpi1 — Fintlnorm <tol
- Calculate K, = / B" DiBdv
\4
. Calculate a' from Ki(a' —a' ') = Froi1— Fine

. Calculate €' := Ba'®

. Determine o' by integration of the

constitutive equations (see next chapter)

- Calculate internal forces f,,., :/ BTolav
1%
- End tteration loop

- Accept quantities
- —_— l . - —_— l . - —_— 1 .
Ap41 = Q@ | €Epypl =€ | Onif1 = O fmt

- End load step loop

Div. of Solid Mechanics, Lund University

DYNAMIC CONSIDERATIONS
—discretization in time—

FE discretization, equations of motion
Ma + ¢(a) =0
where

M:/ pNTNdV psi(a):/ B odV — f
1% 1%

Task: Nonlinear diff. eqns. = nonlinear algebraic

eqns.

Newmark time integration scheme

an+1 = An + Atan + ATtQ (1 - 25)0'71 + 2ﬁdn—|—1]
an—i—l =an + At[(l - ’7)0’” + ’7&”4'1]

very general approximation, e.g.
B=13% ~= % = trapezoidal rule
1 . . .
5 = central diff. approximation

(constant) average acceleration method

B = %, v = % = linear acceleration method
B = 112, v = % = Fox-Godwin method

royal road method

etc.
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DYNAMIC CONSIDERATIONS
~Explicit scheme—

Assume that

1

/8207 ’725

From the Newmark scheme

. At?
An+1 = An + Ata/n + Tan
. . At /o .
an4+1 = ap, + -5 (an + an+1)

Solving for a., yields

é‘Ln — ﬁ(an—i—l - 2an + an—l)

central difference approx. to a,

Equations of motion at the current time ¢,
Ma,, +¢¥(a,) =0

or

Ma, 1 = M(2a, — an_1) + AP (f, — / B'o,dV)
%

Div. of Solid Mechanics, Lund University

DYNAMIC CONSIDERATIONS
—Explicit scheme—

We found
Ma, 1 = M(2a, — a, 1) + A (f, — / Bl ,dV)
1%

Used in all explicit FE-codes. LS-DYNA, Abaqus
etc.

Assume that the mass matrix M is lumped, i.e.

mi
M = = diagonal
Mpdof

No inversion of M is needed, the FE-system can be

solve in a row by row fashion

Price to pay we must require that

Ts -
At < —=- Stability
™
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DYNAMIC CONSIDERATIONS
—Implicit scheme—

From the Newmark scheme (assume [ # 0)

1 1 . 1-26..

Ant1 = W(anﬂ —an) — @an - T35 an
Equations of motions at time t,,41
Mant1 + Y(@ns1) =0
or
1 1 . 1-28.
A 2o n — an) — n n =0
[BAtg(a 41— ap) ALY T B an] + P(ani1)

J/

-~

v(ant+1) =0

Transfor to standard iteration format

0 = —(A(@ns1)) " v(@ns)

an+1 = Gns1 — (A(@n+1))” v(@nt1)

-~

F(an+1)

Iteration scheme

afﬂ-l = F(aiz_—{—ll)

Div. of Solid Mechanics, Lund University

DYNAMIC CONSIDERATIONS

~Implicit scheme—

We obtained

a’il-i-l = ai;ll - (A(aiz_+11))71'”(aiz+11)

i i 1-2
'U(an+11) = M[ﬁAth (an—i—ll an) ﬁ - 25,6 Q]
+(anyy)

The Newton Raphson scheme

1

i—1
A (BAt2

M + K°P)"~

Choice of parameters

~v>0, 8> i(v + 1) = unconditional stability
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DYNAMIC CONSIDERATIONS

Newmark (1959) time integration scheme

a'/'n,—}—l = dn + At[(l - ’V)Gn + ’de—{—l]
1

Assume 3 = % Y=3

. 2 . .
an+1 = Qp + Atan + ATt[%an + %ﬁan—i—l]

C.Ln—*—l — C.Ln + %[an + dn—i—l]

Consider a different route, use the trapezoidal rule
with 0 = %

n+1
Ani1 = Qn + / adt = a, + (a)" At

. . . 1, . .
(a,) = (1 - G)Gn + 90n+1 = §(an + an+1)
i.e.
Ani1 = Qn + %(an + dn+1)
Likewise

. . At /o ..
An+1 = an + T(an + an+1)
use of any1

: At? 1, 1.
an4+1 = Anp + Atan + T[ian + E,Baln—i-l]

Div. of Solid Mechanics, Lund University

FULL NEWTON-RAPHSON SCHEME

- Initiation of quantities

ap; aog; ao; €; o0o0; Sfoi Fint

- For load step n =0,1,2,....Npmax

- Determine new load level f, 4

- Initiation of iteration quantities

0] . 0 . .0 .
a :=a,; a :=a,; a :=a,
- Iterate i = 1,2, ... until |V|norm <tol
Calculat A ! M + K
- Calculate = —
BAt2 K
- Calculate a® from A(ai — a,i_l) = —v

. Calculate €' = Ba'

- Determine o'

- Calculate Y = f; — frin :/ Bo'dv —
1%

- Calculate

1-28 ..

anl+1

v = M[ﬁ(afan) ~ FATGn — T35
- End tteration loop

- Accept quantities

Ap41 = A Gp4]1 = A Gp41 — Q@

U U
€Entl1 =€ 5 Opyl (=0 fmt

- End load step loop

-fn+1
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FUNDAMENTAL ASSUMPTIONS

Kinematics

. .(.3. %)
€ij = €5 T €5

Hooke 0 = Dijri(€er — €%;) (Dijri constant) or

0ij = Dijri(€xi — €xt)

Yield Function

f(oij, K%)= 0| at plastic loading

f(oij, K*) <0  elastic response

Flow rule

i = A A>0 = g(oij, K®
€ij 80’1] - g g(UJ )

Consistency

: of . of -«
f aaijaj+6Ka 0

Evolution laws

feo = K" s

o a(, B
K® = K*(k”) = 5.8

l'{ﬂ = }\kﬁ(dij, Ka)

FULL NEWTON-RAPHSON SCHEME

- Initiation of quantities

ao; €; oo0; foi; Fine

- For load step n = 0,1,2,....Npax

- Determine new load level f,

- Initiation of iteration quantities

0
a = a,

- Iterate i = 1,2, ... until |YP|norm = |Fp11 — Fintlnorm <tol
. Calculate K, = / B" D.Bdv
\%4
- Calculate a* from Ki(a' —a' ') = f, 1 — Fine
- Calculate €' := Ba'®

. Determine o' by integration of the

constitutive equations (this chapter)

- Calculate internal forces f,,., :/ BTolav
%4
- End tteration loop

- Accept quantities

Apt1 =A@ ;| €Epytl =€ [ Opyl =0 .fmt

- End load step loop
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TASK OF THE CONSTITUTIVE DRIVER

GIVEN: A STRAIN INCREMENT
FIND: THE STRESS INCREMENT

Note that we assume a strain driven formulation

Div. of Solid Mechanics, Lund University

ELASTO-PLASTICITY
Elasto-plastic incremental relation
0ij = foklékl

Integrate from 1 to 2, i.e.

2
1

%] 1j

Numerical integration is required

Does the loading imply elasto-plasticity?

of ) > 0 plast. loading
Do D;jriér _ _
O et < 0 elastic loading
- €
Uij
f f
a) of b) ot of
60”- acij ao—lj
se
f<0 £<0 %
f=0 ~ =0 f=0
plastic loading neutral loading elastic unloading

For plastic behaviour, the elastic stress incre-

ment tries to go outside the yield surface
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DOES THE STEP IMPLY PLASTICITY

state 1: known (o, K>, ef}l), eg;))

state 2: to be determined (ag), Ko@) 6?;2), eg.) )

known
Strain increment

(2) _ (1)

Aeij =€ — €;; known

From Hooke’s law éij = Dijkl(ékl — ékl) follows

e
2 1
o — o) = Dijrers —Diju dey,
J J N’ p(1)
Emn

AO'fj
Define trial stresses
t (1) e (2) t 2)
Uij = Jij + AO'” = Jij == Uij - -D'L]k:l dCil
(1)

b
Yield surface at state 1 ) Yield surface at state 1
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LOADING AND UNLOADING CRITERIA

loading or unloading
f'=floh, K°Y)

If f'>0 = plastic
ft <0 = elastic

Program code

- Calculate trial stresses
ij = JS) + DijriAen
f f(o!, K*M) <0

Elastic response

(2) _ t

. Flse

Elasto-plastic response

2
(2) _ ¢t » p
05" = O0i5 — Dijri dey,
1
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CONTACT STRESSES

©

Yield surface
at state 1

Denote o;; as the contact stresses

Assuming linear interpolation of the strains

c 1 2
€ = (1 - ’7)653') +7€§j)

gives linear interpolation of stresses (if D;jxi

constant), i.e.

of; = (1=y)ay;) +07;

J 1% 1]

Contact stresses must satisfy yield criterion
fc — f(O'ZCJ,Ka(l)) = O

1l.e.

(1) a(l
fl(1 _’Y)Uij ""YUfjaK ( )] =0

One non-linear equation, one unknown -~y

Div. of Solid Mechanics, Lund University

STRESS CALCULATION

— Indirect consideration to the consistency

condition
numerically f = 0 is enforced

— Direct consideration to the consistency condition

numerically f = 0 is enforced
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DIRECT CONSIDERATION TO CONSISTENCY
—RETURN METHODS-

Incr. form of Hooke’s law é’ij = Dijkl(ék:l — éil),

integration
2 1 2
'L(]) UZ(J) DijriAexi —Dijri / dezl
W 1
AO'Ze]
Definition
oij = 08) + Ao; known
Flow rule
dg
d = d\—"—
00k
i.e.
(2) _ r 0g
1] O-ZJ — Oij where Uzg - Dz]kl / 80’kl dX
Yield surface -
at state 1 \ i

< Yield surface
a state 2
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DIRECT CONSIDERATION TO CONSISTENCY
~RETURN METHODS-

We found
2
(2) _ _t r T o _ 1y 89
Uij =0, — 045 where 0;5 = ngkl /C aa_kl dX
Approximate

dg dg \~
AeP A
h / 0ok dx (30kl > A

) _ (99 \"
7,] = Uij — D”kl <ao'kl) A)\

1.e.

Evolution laws

(Y = Me® (o, K7)

Approximate
2 2
/ dK® :/ k*dA &~ K> AN
1 c
i.e.
(@) _ o) | et p Ko@) = Ko (552
Consistency

o K@) =0

1]7
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DIRECT CONSIDERATION TO CONSISTENCY

—APPROXIMATIONS-
[llustration of generalized trapezoidal rule
29
aO’ii
True curve for 99
ag\®@ acyii
R
' 2.+ Linear interpolation
oo g | @) © 2
50 292 (22" 0 (29"
af)_ © @
| KO=(1- ) K+ 0 K
30”
: ‘ = 0. K"
( O:f), Ku(l)) ( O-i(f), Ka(2)) ]

[llustration of generalized mid-point rule

True curve for 99
O'ij
0,;=(1- 6)5i+ 60;”

KO((*) =(l- e)KCl(l) +9K0(2)

! [of
: o. K
( o-i(jc" K u(l)) ( G:;)’ Kam) ( ci(lz)' K um) U
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DIRECT CONSIDERATION TO CONSISTENCY

—Generalized mid-point rule—
Assume associated plasticity

" of dAzAA<8f>*:A)\ of

c 80'@'3' 30'ij aO'ij

(oF; K*(*))
where

*

K'=(1-0K"Y +9K®

Stress space

f(o-fja
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DIRECT CONSIDERATION TO CONSISTENCY
—Generalized trapezoidal rule—

Assume associated plasticity

" of d)\zA)\(af)*

00ij 00;;

C

NP i 199
00, (o¢; K1) 0oj (o.l(?)’Ka(Q))
Stress space
af \®
80'ij)
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DIRECT CONSIDERATION TO CONSISTENCY
—Stress calculation, general situation—

Program code

- Calculate contact stresses and strains

- Solve 0i5, K® and A\ from

dg \*
Oij = O'fj - A)\Dijkl <80'kl> (1)
K* = K*(k” + ANP™)) (2)

subjected to the constraint
f(oij, K*) =0 (3)

Usual approach, from (1) and (2) derive
analytically

oij = 0ij(AN)
K = K*(A)\)
Insert into the yield criteria (3), i.e.

foii (AN), K7 (AX)) = f(AX) =0

non-linear equation in A\
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DIRECT CONSIDERATION TO CONSISTENCY

~Isotropic hardening von Mises model—

Kinematics
. e :p
€ij = €ij T €5

Hooke’s law (incr. form)

. . p
iy = Dijri(€ij — &)
Isotropic material

1
Dijkl = 2G{§(5ik5jl + 5il(5jk) + %(5135]@1}

1—-2
Yield function
[ =0csr — oy
where
3 1/2
Oepr = (3si55i5) oy = 0yo + K(k)

Flow rule (associated plasticity)

) 8 f
P
“ij = 801 j

Evolution law (strain hardening), i.e. k= €Z;

R=é = (2 =)

ISOTROPIC HARDENING VON MISES MODEL
—Integration # = 1, fully implicit—
Flow rule 5
. Sij
=53

20efy
Approximation (integration)

(2)

2 ..
At = / g S5\ A g A (1)
1 Oeff o ff
From Hooke’s law
Ug) = Ufj — DijAey, (2)

where the trial stress is defined as

or; = O'E;) + DijriAer

ij
Using (1) in (2) yields
(2)

(2)
o — 3G (2) A
Tefs
i.e.
2
O-I(ck) = O
t
NG R B
Y 143G ?2*)
Tefs

Div. of Solid Mechanics, Lund University

Div. of Solid Mechanics, Lund University




ISOTROPIC HARDENING VON MISES MODEL
—Integration # = 1, fully implicit—

We found

(2) _ Sij (2) 3.\
Si; HT where o, = <§sij Si; >
Tery
Multiply each side with its self and 3/2 then take
the square root
1/2

t t
@ _ |3 Sij Sij
2

Ters = 1+BG(” 1+3G(®
Teff Tefs

or
e t 3, .\
Oty = O'eff—?)GA)\ where o.fp = Esijsij
Internal variable dx = de? = d\
p(2) _ p(l
Ceff = €ejp T A

Yield criterion

Yield criterion fulfilled at state 2

1.e. p(2)

2):U(eff)

S)f ?(f) = (0 where a@(l

or

olir —3GAN — oy (/%) + AN) =0

ISOTROPIC HARDENING VON MISES MODEL
—Integration § = 1, fully implicit—

We found
¢ 1/2
e Sij @ _ (3. @
” —m Where Ueff_ (28” ”>
Teff
and

olis —3GAX — o, () + AN) =0

i.e
1 2
A)\ = —3G(0'sz — G'?S ))

Noting that a(f)f = ag(f we find

s — %yt
'L] - O_t Si]
eff

i.e. a ”scaling” of sﬁj.
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ISOTROPIC HARDENING VON MISES MODEL

—Integration # = 1, fully implicit, radial return—

- Given:

OO I O JCO B W

ig 0 Cig o0 Ceff o Tig oo
- Calculate

1
U%j = Uz(j) —+ DijklAekl

1/2
eff_( ’L] z])/

- Determine AX from U'tff —3GAN — ay(e, p(l) +AN) =0

e

- Calculate
p(2) _ p(l)
Coff = Cepf TAA
2 2
‘71(4 ) = Uy(ﬁgﬁcf))
o2 — (2) (2)5 h (2 — ( : t .
T;5 + 30 where  s;0 = —7—58;;; Opp = Oy
eff
3 AX
P2 — p(l) + Ae where AP, = = —" gt
1) (%] QO-iff 1]
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