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GENERAL EXPERIMENTAL EVIDENCETriaxial 
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GENERAL EXPERIMENTAL EVIDENCEHydrostati
 
ompression of 
on
rete �1 = �2 = �3 < 0

kk

σkk

3

ε

[MPa]   

linear elastic

exp. data

-2 -4 -6 -8 -10

-100

-200

-300

-400

-500

[%] Meridian plane, plasti
 volume in
rease

2J2

3

f=0

ξ=
I

g=constant

n

ρ=

1

εp.

_�pii = 3 _� �g�I1



Div. of Solid Me
hani
s, Lund University

ISOTROPIC HARDENING OF VON MISESMATERIALWe have _�ij = Depijkl _�klwhereDepijkl = Dijkl � 1ADijst �g��st �f��mnDmnkland A = H + �g��ijDijkl �f��klvon Mises { isotropi
 hardeningg = f =r32sijsij � �yo = 0where �y(�) = �yo +K(�)Isotropi
 elasti
ityDijkl = 2G[ 12 (ÆikÆjl + ÆilÆjk) + �1� 2� ÆijÆkl℄We �nd Depijkl = Dijkl � 9G2A sijskl�2y Div. of Solid Me
hani
s, Lund University
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ISOTROPIC HARDENING OF VON MISESMATERIALNonlinear isotropi
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KINEMATIC HARDENING OF VON MISESMATERIALf(�ij ;K�) = F ( �J2) = 0where �J2 = 12 �sij�sij = 12(sij � �dij)(sij � �dij)or f =q 32 (sij � �dij)(sij � �dij)� �yo = 0Assume Melan (1938)-Prager (1955) evolution lawfor ba
k-stress _�ij = 
 _�pijFlow rule _�pij = _� �f��ij = _�3(sij � �dij)2�yoi.e. _�ij = _�dijpurely deviatori
Generalized plasti
 modulusH = 32
 Div. of Solid Me
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s, Lund University

KINEMATIC HARDENING OF VON MISESMATERIALIllustraition of Melan-Prager's evolution law
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KINEMATIC HARDENING OF VON MISES MATERIALWe have Depijkl = Dijkl � 9G2A �sij�skl�2yor in matrix format
Dep= E1+�

26666666664
1��1�2� �M�s211 �1�2� �M�s11�s22 �1�2� �M�s11�s33 �M�s11�s12 �M�s11�s13 �M�s11�s231��1�2� �M�s222 �1�2� �M�s22�s33 �M�s22�s12 �M�s22�s13 �M�s22�s231��1�2� �M�s233 �M�s33�s12 �M�s33�s13 �M�s33�s2312 �M�s212 �M�s12�s13 �M�s12�s2312 �M�s213 �M�s13�s2312 �M�s223

37777777775
M = 9G2A�2yo A = H + 3G
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KINEMATICHARDENINGOFVONMISES
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KINEMATIC HARDENING OF VON MISESMATERIALSymmetri
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MIXED HARDENING OF VON MISESMATERIALLinear hardening

σ y

σ y

σy

σy

σyo

σyo

σ

reality

mixed, m=0.3

isotropic, m=1

σyo

yσ

pε

kinematic, m=0



Div. of Solid Me
hani
s, Lund University

MIXED HARDENING OF VON MISESMATERIALSymmetri
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THE MR�OZ MODELMultilinear approximation of uniaxial response
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THE MR�OZ MODELIn
reasing unaxial loading

Div. of Solid Me
hani
s, Lund University
THE MR�OZ MODELReversed unaxial loading
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BOUNDING SURFACE MODELS
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ARMSTRONG-FREDRICK'S MODELS{ Mixed hardening {Predi
tion of mixed hardening

Load reversal
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ARMSTRONG-FREDRICK'S MODELSSymmetri
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ARMSTRONG-FREDRICK'S MODEL{von Mises, nonlinear kinemati
 hardening{Yield fun
tion (assuming plasti
ity)f = �32 �sij�sij�1=2 � �yo = 0 �sij = sij � �ijevolution law of A-F_�ij = h(23 _�pij � �ij�1 _�peff )Flow rule_�pij = _� �f��ij = _�32 �sij�yoE�e
tive plasti
 strain rate_�peff = �23 _�pij _�pij�1=2 = _�Generalized plasti
 modulus_f = 0 ) �f��ij _�ij + �f��ij _�ij = 0�f��ij _�ij + �f��ij h(23 _�pij � �ij�1 _�peff ) = 0�f��ij _�ij + _� [ �f��ij h( �sij�yo � �ij�1 )℄| {z }�H = 0
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ARMSTRONG-FREDRICK'S MODEL{von Mises, nonlinear kinemati
 hardening{We foundH = � �f��ij h( �sij�yo � �ij�1 )where �f��ij = �32 �sij�yoi.e. H = h(1� 32 �sij�ij�yo�1 )Generalized plasti
 modulus is not 
onstant,di�erent values depending on load dire
tion

�3
�1 �2

�ij
�sij

�sij�ij > 0

�3
�1 �2

�ij�sij
�sij�ij < 0



Div. of Solid Me
hani
s, Lund University

ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{Yield fun
tionf = f(�ij ;K�)
hardening parametersKinemati
s�ij = �eij + �pijHooke's law �ij = Dijkl�ekl, Dijkl is 
onstant, i.e._�ij = Dijkl( _�kl � _�pkl)Flow rule_�ij = _� �g��ij g = g(�ij ; K�)i.e. _�ij = Dijkl _�kl � _�Dijst �g��stConsisten
y _f = 0 during plasti
 loading, i.e._f = �f��ij _�ij + �f�K� _K� = 0
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ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{We found_�ij = Dijkl _�kl � _�Dijst �g��st (1)and _f = �f��ij _�ij + �f�K� _K� = 0 (2)MoreoverK� = K�(��); i.e. _K� = �K���� _�� (3)

internal variablesEvolution law for _�_�� = _�k�(�ij ; K�)| {z }evolution fun
tion (that we 
hooseInsertion in (3)_K� = _��K���� k�into (2)�f��ij _�ij + �f�K� �K���� k� _� = 0
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ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{We found_�ij = Dijkl _�kl � _�Dijst �g��st (1)and �f��ij _�ij + �f�K� �K���� k� _� = 0De�ne the generalized plasti
 modulusH = � �f�K� �K���� k�then �f��ij _�ij �H _� = 0Using (1) yields�f��ijDijkl _�kl � _�( �f��ijDijst �g��st +H) = 0whereA = �f��ijDijst �g��st +H > 0i.e. _� = 1A �f��ijDijkl _�kl
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ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{We found_�ij = Dijkl _�kl � _�Dijst �g��stand _� = 1A �f��ijDijkl _�klIn 
on
lusion (strain driven format)_�ij = Depijkl _�klwhereDepijkl = Dijkl � 1ADijst �g��st �f��mnDmnklwhereA = �f��ijDijst �g��st +H > 0and H = � �f�K� �K���� k�
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ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{General remarks_�ij = Depijkl _�klwhereDepijkl = Dijkl � 1ADijst �g��st �f��mnDmnklwhereA = �f��ijDijst �g��st +H; H = � �f�K� �K���� k�Having 
hosen f and g, it is the quantity H that isof importan
eRoute 1:Choose K� = K�(��), i.e. _K� = �K���� _��Choose _�� = _�k�i.e. _K� = _��K���� k�Route 2:Choose dire
tly _K� = _��K���� k� = _�fun
tion
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ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{Elasti
ity�ij = Dijkl�klMatrix format� =D�where
�=

26666666664
�11�22�33�12�13�23
37777777775 �=
26666666664

�11�22�332�122�132�23
37777777775 D=26666664

D11 D12 : : : D16D21 D22 : : : D26...D61 D62 : : : D66
37777775

If the tensor equation (elasto-plasti
ity)_�ij = Depijkl _�klthen in a 
ompletely similar manner we obtain_� =Dep _�What happens if f and g are not expressed in �ijbut in �? (the 
ase with the 
lassi
al anisotropi
von Mises 
ase, f = �TP� � 1)
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ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{In tensor notation_�pij = _� �f��ijIn matrix notation_�p = _� �f��where {as usual{
�p=

26666666664
�p11�p22�p332�p122�p132�p23
37777777775

What do we mean by �f�� ?We have that_�p12 = _� �f��12 and _�p21 = _� �f��21Taking advantage of the symmetry properties we�nd 2_�p12 = _�( �f��12 + �f��21 ) Div. of Solid Me
hani
s, Lund University

ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{Using symmetry2 _�p12 = _�( �f��12 + �f��21 )If advantage is take of the symmetry of the stresstensor, we do not {for instan
e{ di�er between �12and �21, we treat them as the same quantity, i.e.2 _�p12 = _� � ^f��12Let us then de�ne
� ^f�� =

26666666666666666666664
� ^f��11� ^f��22� ^f��33� ^f��12� ^f��13� ^f��23
37777777777777777777775

and _�p = _� � ^f��
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ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{Example: usual von Mises isotropi
 hardeningf=�32sijsij�1=2 � �yWritten expli
itlyf=�32 (s211+s222+s233+s212+s221+s213+s231+s223+s232)�1=2� �yfor instan
e_�p12 = _� �f��12 = 3s122�yIf advantage is taken of the symmetry of the stresstensor, then^f=�32 (s211+s222+s233+2s212+2s213+2s223)�1=2� �yi.e. 2 _�p12 = _� � ^f��12 = 3s12�y

Div. of Solid Me
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ELASTO-PLASTIC STIFFNESS TENSOR{CORRESPONDING MATRIX FORMAT{In 
on
lusion, the 
ase_�ij = Dijkl _�klwhereDepijkl = Dijkl � 1ADijst �g��st �f��mnDmnklis equivalent with_� =Dep _�where Dep =D � 1AD �^g��  � ^f��!T Dand A =  � ^f��!T D �^g�� +H
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WEAK FORM OF EQUATIONS OF MOTION{PRINCIPLE OF VIRTUAL WORK{Divergen
e theoremZV 
j;jdV = ZS 
jnjdSEquations of motion�ij;j + bi = ��uiMultiply by arbitrary weight ve
tor vi andintegrateZV vi�ij;jdV + ZV vibidV = ZV ��uidVNote that vi�ij;j = (vi�ij);j � vi;j�ijZV vi�ij;jdV = ZV (vi�ij)jdV| {z }ZS vi �ijnj| {z }ti dS
�ZV vi;j�ijdV

ZS vitidS � ZV vi;j�ijdV + ZV vibidV = ZV �vi�uidV

Div. of Solid Me
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WEAK FORM OF EQUATIONS OF MOTION{PRINCIPLE OF VIRTUAL WORK{ZV �vi�uidV +ZV vi;j�ijdV = ZS vitidS + ZV vibidV| {z }external "virtual" workholds for all materialsDe�ne �vij = 12(vi;j + vj;i)) vi;j�ij = �vij�ijZV �vi�uidV ZV �ij�ijdV = ZS vitidS + ZV vibidVDe�ne the matri
es

v=2664v1v2v3
3775 u=2664u1u2u3
3775 t=2664t1t2t3
3775 b=2664b1b2b3
3775 �v=

26666666664
�v11�v22�v332�v122�v132�v23
37777777775 �=
26666666664

�v11�v22�v33�v12�v13�v23
37777777775ZV �vT �udV + ZV (�v)T�dV = ZS vT tdS+ ZV vT bdV
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FINITE ELEMENT FORMULATIONWe foundZV �vT �udV +ZV (�v)T�dV = ZS vT tdS+ZV vT bdVFE-approximationu(xk; t) =N(xk)a(t) ) � = BaGalerkin approa
hv =N
 ) �v = B
where 
 is arbitrary and does not depend onposition
T|{z}arbitraryh ZV �NT �udV +ZV BT�dV �ZSNT tdS �ZV NT bdV i = 0ZV �NT �udV+ZV BT�dV = ZSNT tdS + ZV NT bdV| {z }= f ext. for
esInertia term�u =N �a ) ZV �NTNdV| {z }mass matrix �a =M �a

M �a+ ZV BT�dV = fholds for all materials Div. of Solid Me
hani
s, Lund University

FINITE ELEMENT FORMULATIONWe found M �a+ ZV BT�dV = fwhereM = ZV �NTNdV f = ZSNT tdS+ZV NT bdVStati
 problems �a = 0 = 0 equilibrium equationswhere  = ZV BT�dV � fThis is a global problem
Integration along load path of_� = Dep _�This is a lo
al problem (should be solved at ea
hmaterial point irrespe
tive of what happens inneighbouring points)
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FULL NEWTON-RAPHSON SCHEME� Initiation of quantitiesa0 ; �0 ; �0 ; f0 ; f int� For load step n = 0; 1; 2; ::::Nmax� Determine new load level fn+1� Initiation of iteration quantitiesa0 := an� Iterate i = 1; 2; ::: until j jnorm = jfn+1 � f intjnorm <tol� Cal
ulate Kt = ZV BTDitBdV� Cal
ulate ai from Kt(ai � ai�1) = fn+1 � f int� Cal
ulate �i := Bai� Determine �i by integration of the
onstitutive equations (see next 
hapter)� Cal
ulate internal for
es f int = ZV BT�idV� End iteration loop� A

ept quantitiesan+1 := ai ; �n+1 := �i ; �n+1 := �i ; f int� End load step loop

Div. of Solid Me
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DYNAMIC CONSIDERATIONS{dis
retization in time{FE dis
retization, equations of motionM �a+ (a) = 0whereM = ZV �NTNdV psi(a) = ZV BT�dV � fTask: Nonlinear di�. eqns. ) nonlinear algebrai
eqns.Newmark time integration s
hemean+1 = an +�t _an + �t22 [(1� 2�)�an + 2��an+1℄_an+1 = _an +�t[(1� 
)�an + 
�an+1℄very general approximation, e.g.� = 14 ; 
 = 12 ) trapezoidal rule� = 0; 
 = 12 ) 
entral di�. approximation(
onstant) average a

eleration method� = 16 ; 
 = 12 ) linear a

eleration method� = 112 ; 
 = 12 ) Fox-Godwin methodroyal road methodet
.
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DYNAMIC CONSIDERATIONS{Expli
it s
heme{Assume that� = 0; 
 = 12From the Newmark s
hemean+1 = an +�t _an + �t22 �an_an+1 = _an + �t2 (�an + �an+1)Solving for �an yields�an = 1�t2 (an+1 � 2an + an�1)
entral di�eren
e approx. to �anEquations of motion at the 
urrent time tnM �an + (an) = 0orMan+1 =M(2an � an�1) + �t2(fn � ZV BT�ndV )
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DYNAMIC CONSIDERATIONS{Expli
it s
heme{We foundMan+1 =M(2an � an�1) + �t2(fn � ZV BT�ndV )Used in all expli
it FE-
odes. LS-DYNA, Abaquset
.Assume that the mass matrixM is lumped, i.e.

M = 2664 m1 m2 mndof
3775 ) diagonal

No inversion ofM is needed, the FE-system 
an besolve in a row by row fashionPri
e to pay we must require that�t � Ts� ) Stability
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DYNAMIC CONSIDERATIONS{Impli
it s
heme{From the Newmark s
heme (assume � 6= 0)�an+1 = 1��t2 (an+1 � an)� 1��t _an � 1� 2�2� �anEquations of motions at time tn+1M �an+1 + (an+1) = 0orM [ 1��t2 (an+1 � an)� 1��t _an � 1� 2�2� �an℄ + (an+1)| {z }v(an+1) = 0 = 0

Transfor to standard iteration format0 = �(A(an+1))�1v(an+1)an+1 = an+1 � (A(an+1))�1v(an+1)| {z }F (an+1)Iteration s
hemeain+1 = F (ai�1n+1)

Div. of Solid Me
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DYNAMIC CONSIDERATIONS{Impli
it s
heme{We obtainedain+1 = ai�1n+1 � (A(ai�1n+1))�1v(ai�1n+1)v(ai�1n+1) = M [ 1��t2 (ai�1n+1 � an)� 1��t _an � 1�2�2� �an℄+ (ai�1n+1)The Newton Raphson s
hemeAi�1 = ( 1��t2M +Kep)i�1Choi
e of parameters
 � 0; � � 14(
 + 12) ) un
onditional stability
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DYNAMIC CONSIDERATIONSNewmark (1959) time integration s
hemean+1 = an +�t _an + �t22 [(1� 2�)�an + 2��an+1℄_an+1 = _an +�t[(1� 
)�an + 
�an+1℄Assume � = 14 
 = 12an+1 = an +�t _an + �t22 [ 12 �an + 12��an+1℄_an+1 = _an + �t2 [�an + �an+1℄Consider a di�erent route, use the trapezoidal rulewith � = 12an+1 = an + Z n+1n _adt = an + ( _a)��t( _a)� = (1� �) _an + � _an+1 = 12( _an + _an+1)i.e. an+1 = an + �t2 ( _an + _an+1)Likewise_an+1 = _an + �t2 (�an + �an+1)use of an+1an+1 = an +�t _an + �t22 [12 �an + 12��an+1℄ Div. of Solid Me
hani
s, Lund University

FULL NEWTON-RAPHSON SCHEME� Initiation of quantitiesa0 ; _a0 ; �a0 ; �0 ; �0 ; f0 ; f int� For load step n = 0; 1; 2; ::::Nmax� Determine new load level fn+1� Initiation of iteration quantitiesa0 := an ; _a0 := _an ; �a0 := �an� Iterate i = 1; 2; ::: until jvjnorm <tol� Cal
ulate A = 1��t2M +Kt� Cal
ulate ai from A(ai � ai�1) = �v� Cal
ulate �i := Bai� Determine �i� Cal
ulate  = f int � fn+1 = ZV BT�idV � fn+1� Cal
ulatev =M [ 1��t2 (a� an)� 1��t _an � 1�2�2� �an℄ + � End iteration loop� A

ept quantitiesan+1 := ai ; _an+1 := _ai ; �an+1 := �ai�n+1 := �i ; �n+1 := �i ; f int� End load step loop
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FUNDAMENTAL ASSUMPTIONSKinemati
s _�ij = _�eij + _�pijHooke �ij = Dijkl(�kl � �pkl) (Dijkl 
onstant) or_�ij = Dijkl( _�kl � _�kl)Yield Fun
tionf(�ij ; K�) = 0 at plasti
 loadingf(�ij ;K�) < 0 elasti
 responseFlow rule_�ij = _� �g��ij _� � 0 g = g(�ij ;K�)Consisten
y _f = �f��ij _�ij + �f�K� _K� = 0Evolution lawsK� = K�(��) ) _K� = �K���� _��_�� = _�k�(�ij ;K�)
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FULL NEWTON-RAPHSON SCHEME� Initiation of quantitiesa0 ; �0 ; �0 ; f0 ; f int� For load step n = 0; 1; 2; ::::Nmax� Determine new load level fn+1� Initiation of iteration quantitiesa0 := an� Iterate i = 1; 2; ::: until j jnorm = jfn+1 � f intjnorm <tol� Cal
ulate Kt = ZV BTDitBdV� Cal
ulate ai from Kt(ai � ai�1) = fn+1 � f int� Cal
ulate �i := Bai� Determine �i by integration of the
onstitutive equations (this 
hapter)� Cal
ulate internal for
es f int = ZV BT�idV� End iteration loop� A

ept quantitiesan+1 := ai ; �n+1 := �i ; �n+1 := �i ; f int� End load step loop
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TASK OF THE CONSTITUTIVE DRIVER

GIVEN: A FINITE STRAIN INCREMENTFIND: THE STRESS INCREMENT

Note that we assume a strain driven formulation

Div. of Solid Me
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s, Lund University
ELASTO-PLASTICITYElasto-plasti
 in
remental relation_�ij = Depijkl _�klIntegrate from 1 to 2, i.e.�(2)ij � �(1)ij = Z 21 Depijkld�klNumeri
al integration is requiredDoes the loading imply elasto-plasti
ity?�f��ij Dijkl _�kl| {z }_�eij

8<: � 0 plast. loading< 0 elasti
 loading

f∂
∂σij

σij
e.

f∂
∂σij

σij
e.

f∂
∂σij

σij
e

f=0

.f<0

f=0

elastic unloading

c)

f<0

f=0

b)

neutral loading

a)

plastic loading

f<0

For plasti
 behaviour, the elasti
 stress in
re-ment tries to go outside the yield surfa
e
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DOES THE STEP IMPLY PLASTICITYstate 1: known (�ij , K�(1), �p(1)ij , �(1)ij )state 2: to be determined (�(2)ij , K�(2), �p(2)ij , �(2)ij|{z}known)Strain in
rement��ij = �(2)ij � �(1)ij knownFrom Hooke's law _�ij = Dijkl( _�kl � _�kl) follows�(2)ij � �(1)ij = Dijkl��kl| {z }��eij �Dijkl Z �p(2)mn�p(1)mn d�pkl

De�ne trial stresses�tij = �(1)ij +��eij ) �(2)ij = �tij �Dijkl Z (2)(1) d�pkl

Yield surface at state 1
b)

Yield surface at state 1

(1)σ ij

σ ij

t

∆σij

e

t

a)

(1)σ ij

∆σij

e

σ ij
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LOADING AND UNLOADING CRITERIAloading or unloadingf t = f(�tij ; K�(1))If f t > 0 ) plasti
f t � 0 ) elasti
Program 
ode� Cal
ulate trial stresses�tij = �(1)ij +Dijkl��kl� If f(�t;K�(1)) � 0Elasti
 response�(2)ij = �tij� ElseElasto-plasti
 response�(2)ij = �tij �Dijkl Z 21 d�pkl
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CONTACT STRESSES

σ ij

at state 1

Yield surface 

(1)
C

σij

(c) σ ij
t

B

Denote �
ij as the 
onta
t stressesAssuming linear interpolation of the strains�
ij = (1� 
)�(1)ij + 
�(2)ijgives linear interpolation of stresses (if Dijkl
onstant), i.e.�
ij = (1� 
)�(1)ij + 
�(2)ijConta
t stresses must satisfy yield 
riterionf
 = f(�
ij ;K�(1)) = 0i.e. f [(1� 
)�(1)ij + 
�tij ;K�(1)℄ = 0One non-linear equation, one unknown 
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STRESS CALCULATION{ Indire
t 
onsideration to the 
onsisten
y
onditionnumeri
ally _f = 0 is enfor
ed{ Dire
t 
onsideration to the 
onsisten
y 
onditionnumeri
ally f = 0 is enfor
ed
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DIRECT CONSIDERATION TO CONSISTENCY{RETURN METHODS{In
r. form of Hooke's law _�ij = Dijkl( _�kl � _�pkl),integration�(2)ij � �(1)ij = Dijkl��kl| {z }��eij �Dijkl Z 21 d�pkl

De�nition �tij = �(1)ij +��eij knownFlow rule d�pkl = d� �g��kli.e.�(2)ij = �tij � �rij where �rij = Dijkl Z 2
 �g��kl d�

Yield surface 

(1)σ ij
σij

(c) σ(2)
ij

at state 1

at state 2

σ

σ
ij

ij

t

r
−

Yield surface 
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DIRECT CONSIDERATION TO CONSISTENCY{RETURN METHODS{We found�(2)ij = �tij � �rij where �rij = Dijkl Z 2
 �g��kl d�Approximate��pkl = Z 2
 �g��kl d� � � �g��kl����i.e. �(2)ij = �tij �Dijkl � �g��kl����Evolution laws _�� = _�k�(�kl;K�)ApproximateZ 21 d�� = Z 2
 k�d� � k�(�)��i.e.��(2) = ��(1) + k�(�)�� K�(2) = K�(��(2))Consisten
y f(�(2)ij ; K�(2)) = 0
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DIRECT CONSIDERATION TO CONSISTENCY{APPROXIMATIONS{Illustration of generalized trapezoidal rule
∂ 
σ∂ 
g

ij

∂ 
σ∂ 
g

(2)
,K

ασij
)(

(2)
σij

ijσ∂ 
∂ g (c)

ijσ∂ 
∂ g (  )*

ijσ∂ 
∂ g

(2)

ijσ∂ 
∂ g (  )*

ijσ∂ 
∂ g

ijσ∂ 
∂ g

True curve for
ij

, αK
(c)
,K

ασij
)(

(1)

Linear interpolation

k
α *=(1- θ)

=(1- ) θ+θ
(c)

+k θ k
(c)α α (2)(  )

(2)

Illustration of generalized mid-point rule

ijσ∂ 
∂ g

ijσ∂ 
∂ g

ijσ∂ 
∂ g

∂ 
σ∂ 
g

ij

∂ 
σ∂ 
g

(  )
,K

ασij
)(

(  )* * (2)
,K

ασij
)(

(2)
σij

(  )

(1)

*

(  )*

True curve for
(2)

(  )

(c)

*

ij

=(1- θ)σij ij θ+ ij

, α

σ σ

K

(2)

K

(c)

α =(1- θ)Kα(1) +θKα (2)

(c)
,K

ασij
)(
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DIRECT CONSIDERATION TO CONSISTENCY{Generalized mid-point rule{Assume asso
iated plasti
ityZ 2
 �f��ij d� � ��� �f��ij �� = �� �f��ij ����(��ij ;K�(�))where ��ij = (1� �)�
ij + ��(2)ijK� = (1� �)K(1) + �K(2)Stress spa
e
f(�
ij ; K�(1)) = 0f(��ij ; K�(�))f(�(2)ij ; K�(2)) = 0�
ij ��ij �(2)ij

� �f��ij ��
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DIRECT CONSIDERATION TO CONSISTENCY{Generalized trapezoidal rule{Assume asso
iated plasti
ityZ 2
 �f��ij d� � ��� �f��ij��= ��((1� �) �f��ij ����(�
ij ;K�(1)) + � �f��ij ����(�(2)ij ;K�(2)))Stress spa
e
f
 = 0

� �f��ij �

�
ij

� �f��ij �(2)
f = 0�(2)ij

� �f��ij ��
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DIRECT CONSIDERATION TO CONSISTENCY{Stress 
al
ulation, general situation{Program 
ode� Cal
ulate 
onta
t stresses and strains� Solve �ij, K� and �� from�ij = �tij ���Dijkl � �g��kl�� (1)K� = K�(�� +��k�(�)) (2)subje
ted to the 
onstraintf(�ij ; K�) = 0 (3)Usual approa
h, from (1) and (2) deriveanalyti
ally �ij = �ij(��)K� = K�(��)Insert into the yield 
riteria (3), i.e.f(�ij(��);K�(��)) = f(��) = 0non-linear equation in ��
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DIRECT CONSIDERATION TO CONSISTENCY{Isotropi
 hardening von Mises model{Kinemati
s _�ij = _�eij + _�pijHooke's law (in
r. form)_�ij = Dijkl( _�ij � _�pij)Isotropi
 materialDijkl = 2Gf12(ÆikÆjl + ÆilÆjk) + �1� 2� ÆijÆklgYield fun
tionf = �eff � �ywhere�eff = � 32sijsij�1=2 �y = �yo +K(�)Flow rule (asso
iated plasti
ity)_�pij = _� �f��ijEvolution law (strain hardening), i.e. � = �peff_� = _�peff = � 23 _�pij _�pij�1=2 = _�
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ISOTROPIC HARDENING VON MISES MODEL{Integration � = 1, fully impli
it{Flow rule _�pij = _�32 sij�effApproximation (integration)��pij = Z 21 32 sij�eff d� � 32 s(2)ij�(2)eff �� (1)From Hooke's law�(2)ij = �tij �Dijkl��pkl (2)where the trial stress is de�ned as�tij = �(1)ij +Dijkl��klUsing (1) in (2) yields�(2)ij = �tij � 3G s(2)ij�(2)eff ��i.e. �(2)kk = �tkks(2)ij = stij1 + 3G ���(2)eff



Div. of Solid Me
hani
s, Lund University

ISOTROPIC HARDENING VON MISES MODEL{Integration � = 1, fully impli
it{We founds(2)ij = stij1 + 3G ���(2)eff where �(2)eff = �32s(2)ij s(2)ij �1=2

Multiply ea
h side with its self and 3/2 then takethe square root�(2)eff = 266432 stij1 + 3G ���(2)eff stij1 + 3G ���(2)eff
37751=2or�(2)eff = �teff�3G�� where �teff = �32stijstij�1=2

Internal variable d� = d�peff = d��p(2)eff = �p(1)eff +��Yield 
riterionYield 
riterion ful�lled at state 2i.e. �(2)eff � �(2)y = 0 where �(2)y = �y(�p(2)eff )or �teff � 3G��� �y(�p(1)eff +��) = 0
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ISOTROPIC HARDENING VON MISES MODEL{Integration � = 1, fully impli
it{We founds(2)ij = stij1 + 3G ���(2)eff where �(2)eff = �32s(2)ij s(2)ij �1=2

and �teff � 3G��� �y(�p(1)eff +��) = 0i.e �� = 13G (�teff � �(2)y )Noting that �(2)eff = �(2)y we �nds(2)ij = �(2)y�teff stiji.e. a "s
aling" of stij .
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ISOTROPIC HARDENING VON MISES MODEL{Integration � = 1, fully impli
it, radial return{

� Given: �(1)ij ; �p(1)ij ; �p(1)eff ; �(1)ij ; and ��ij� Cal
ulate�tij = �(1)ij +Dijkl��kl�teff = (32 stijstij)1=2� Determine �� from �teff � 3G��� �y(�p(1)eff +��) = 0� Cal
ulate�p(2)eff = �p(1)eff +���(2)y = �y(�p(2)eff )�(2)ij = s(2)ij + 13�(2)kk Æij where s(2)ij = �(2)y�teff stij ; �(2)kk = �tkk�p(2)ij = �p(1)ij +��pij where ��pij = 32 ���teff stij


